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Abstract—A sequential measurement (SM) for distin-
guishing between bipartite quantum states shared by
Alice and Bob is considered. We provide two new
examples in which SMs maximizing the average suc-
cess probabilities can be obtained using techniques de-
scribed in Refs. [arXiv quant-ph/1706.02125v2],[arXiv
quant-ph/1707.04736v1]. The first example demonstrates
that there exists a set of product states that can be exactly
distinguished by an SM from Bob to Alice, while the average
success probability of any SM from Alice to Bob is almost
zero. The second one shows a set of product states that can
be exactly distinguished by local operations and classical
communication, while the average success probability of
any SM is almost zero, regardless of the direction of
communication. These examples might be useful to provide a
new method for secure data communication and/or storage.

1. INTRODUCTION

Local discrimination of quantum states has been in-
tensively investigated in quantum information theory in
recent years. A measurement realized by local operations
and one-way classical communication (one-way LOCC),
also called a sequential measurement (SM), is one of the
most interesting measurements. SMs are relatively easy
to implement in a wide range of physical systems, but,
in general, the ability of the best SM to discriminate
between quantum states is strictly less than that of the best
global measurement. In the 1990s, several works have
been reported to analyze the performance of an SM in
the Bayes criterion and the mutual information criterion
[1]-[8]. After that, many studies have been carried out
to evaluate the discrimination performance of SMs in
various quantum state sets (e.g., [9]-[20]). However, they
have not been investigated systematically; for example,
either the dual problem of the problem of finding an
SM maximizing the average success probability, which
we call an optimal SM in this paper, or necessary and
sufficient conditions for an SM to be optimal have not
been addressed, whereas those for an optimal global
measurement have already been derived in the 1970s
[21]-[23].

More recently, a necessary and sufficient condition for
an SM to be optimal has been provided by Croke et al.
[24]. Also, the authors and their co-worker have derived
the dual problem for an optimal SM and other necessary
and sufficient conditions for an optimal SM [25], [26].

This paper deals only with the problem of finding an
SM maximizing the average success probability, while
Ref. [26] deals with a more general problem applicable
to various criteria (e.g., the Bayes criterion, the Neyman
Pearson criterion, and the minimax criterion).

In this paper, we provide two new examples in which
optimal SMs can be obtained using methods of Refs. [25],
[26]. These examples involve two sets of bipartite product
states shared by Alice and Bob. The first one can be
exactly distinguished by an SM from Bob to Alice,
while the average success probability of any SM from
Alice to Bob is almost zero. The second one can also
be exactly distinguished by LOCC, while the average
success probability of any SM, regardless of the direction
of communication, is almost zero. Note that Ref. [27]
shows that there can be nonignorable gaps in performance
between such measurements. Hence, in the first example,
the gap between the average success probabilities of
an optimal SM and an optimal LOCC measurement
is almost one, while, in the second example, the gap
between the average success probabilities of an optimal
LOCC measurement and an optimal global measurement
is almost one. These extremely large gaps might be useful
to provide a new method for secure data communication
and/or storage.

In Sections II and III, we first briefly recall the primal
and dual problems of obtaining an optimal SM and some
its properties, which is described in Refs. [25], [26]. Then,
in Section IV, we provide two examples in which optimal
SMs can be obtained.

II. OPTIMAL SEQUENTIAL MEASUREMENT
A. Sequential measurement

We begin with some definitions and notation. We
consider a composite system, Hap = Ha ® Hp, where
A and B respectively refer to the subsystems of Alice
and Bob. For each k € {A,B,AB}, let S; and S/ be,
respectively, the entire sets of Hermitian operators and
positive semidefinite operators on 7, and 1; be the
identity operators on H. X > 0 with a Hermitian operator
X denotes that % is positive semidefinite. Similarly, £ > §
means X —9 > 0. Let 7y :={0,1,--- ,N—1}.

In an SM from Alice to Bob, Alice first performs a
measurement, which is represented by a positive operator



valued measure (POVM) {A;}; with A; € S%, and sends
the measurement result j to Bob. Then, Bob performs a
measurement {]EA?S,’,')},,LE 7, With Bﬁ{) € Sg, which depends on
J. The outcome of his measurement, m € I, represents
the result of the SM.

We can also understand this SM in a different way [25].
Each of Bob’s POVM is uniquely labeled by an index w;
let {B“)},e 7,, be his POVM indexed by w. Let Q be the
entire set of all possible values of w. Alice first performs a
continuous measurement A = {A(w)},ecq With A(w) € Si
to determine which measurement Bob performs, and then
sends the measurement result w to him. Bob performs the
corresponding measurement {l?f,‘{’)}me 7, With B,(jf) e S
and obtains the final result m. Let My be the entire set
of all Alice’s POVMs. Any SM is expressed by a function

of A € My, which is denoted as {IT%},,ez,, with
o = f A(dw) ® BY. (1
Q

B. Discrimination problem

Let us consider the problem of discriminating a set
of M quantum states, {0,;}mer,,. Each density operator
Pm = 0 has unit trace, i.e., Tr p,, = 1. We refer to {p,, =
EmPmimer,, as a quantum state set, which denotes {0, }er,,
with prior probabilities {&,}ner,, We can easily verify
that p,, > 0, Tr p,, > O for any m, and ), Tr p,, = 1
hold. .

The average success probability with an SM {IAT,(,f‘)}mE T
is defined as

Ps(A) = Z Tr[,amﬁﬁf>]. 2)

mel y

The problem of obtaining an optimal SM is formulated
as

P: maximize Ps(A)

subject to A € My &)

with variable A. Let P% and A* be respectively the
optimal value and an optimal solution to Problem P. There
may be more than one optimal solution. Ps(A*) = P§
obviously holds. We can easily see that Problem P is a
convex programming problem.

C. Dual problem
We will get the dual problem of Problem P. Let

X = {ReSa:X26,, Yweq),
Go = Tre ) puBW. @

mEIM

Then, we have that for any Ae Ma and X € X,
Ps(A) = > Tr[p,1y]

mGIM

Tr f G oA(dw)
Q

IA

Tr X f Adw) = Tr X, 3)
Q

where the second line follows from Egs. (1) and (4). This
implies that we can consider the following dual problem:

DP: minimize Tr X
subject to X € X

vAvith variableA)A( . From Eq. (5), Tr X > Pg holds for any
X € X. Let X* be an optimal solution to Problem DP;
then, we can derive that Tr X* = P% holds [25].
Problem DP is also a convex programming problem.

Unfortunately, Problems P and DP are much more
difficult to solve than the well-known primal and dual
problems for finding an optimal global measurement (e.g.,
[21]), which is not limited to an SM. The reason is that,
in the former problems, since € is not countable (e.g., it
is difficult to decide whether X is in X or not). However,
we can obtain an analytical (or numerical) solution to
Problems P and DP in some cases.

III. PROPERTIES OF OPTIMAL SEQUENTIAL MEASUREMENTS
A. Conditions for optimal sequential measurements

We first show necessary and sufficient conditions for
an optimal SM.

Theorem 1 (Theorem 2 of Ref. [26]) For any A €
M, the following statements are all equivalent.

(1) A is an optimal solution to Problem P.
(2) The following holds with an optimal solution, X*. to
Problem DP:

X*-6)Aw) = 0, YweQ. (6)

(3) There exists X* € X satisfying Eq. (6).
(4) The following holds:

f FwAdw) > 6o YweQ. (7
Q

Equation (6) implies that, for any w € Q, supp A(w)
is in the kernel of X* — b, If A is discrete-valued (i.e.,
A(w) # 0 holds for w € Q only if w is in at most countable
set {w,},), then Eq. (7) can be rewritten as

Z G Awy) > 6o YweQ, 8)

which is equivalent to Eq. (19) of Ref. [24] 1.

B. Symmetric property

We next show that if a given state set has a certain sym-
metry, then there exist optimal solutions to Problems P
and DP with the same type of symmetry. This fact is
useful to obtain an analytical (or numerical) expression
of an optimal solution.

We use group theory to exploit the symmetric proper-
ties of quantum states. Let G be a group with at least two

! Although a continuous-valued POVM might be optimal, there al-
ways exists an optimal solution to Problem P with a finite number of
outcomes [25] if Hp is finite dimensional.



elements and e € G be its identity element. Suppose that
the following statements hold:

(1) There exists a map m, : Ly — Iy, for each m € Iy,
such that 7,,(m) = me[m,(m)] (g,h € G) and 7.(m) =
m hold.

(2) For any g € G, there exists a umtary (or anti- umtary)
operator U on Huxp written by U = V ® W with
unitary (or anti- unltary) operators V on 'HA and W
on Hg. Moreover, Vgh = V V, and Wgh = W Wh hold
for any g, h € G. Note that this gives V, = 1 and

= 1g.)

For any g € G, let nj, : Q — Q be a map satisfying

E’[ggw)] W B@ WT VgeG meTly,weQ,

g (m)
©)

where n;l is the inverse map of .
Note that all of the following maps can be regarded as
group actions: m > mg(m), OW \A/gQA(A)‘A/;,f (OW €
Sp), 0P = W, 0PW; (0P € Sp), 0 = U,00;
(Q € Sap), and w = 1ny(w) 2,
The following theorem holds.

Theorem 2 (Theorem 4 of Ref. [26]) Suppose that a
state set {Om}mer, satisfies

UepmU7] Primy» VgEG.meTIy.  (10)
Then, there exists an optimal solution A* to Problem P
such that

A

VA ()V] = A*[nyw)]. VgeG.weQ (11)

Moreover, there exists an optimal solution X* to Prob-
lem DP such that

VX*VI = XY, Vgeg. (12)

It follows that if Eq. (11) holds, then 14 has the
following symmetry:

09007 = Ad (13)

g (m)*

Problems P and DP clearly remain in convex program-
ming problems even if we restrict the solution domains
from My to {A e My : V, A(a))V = A[ng(a))] Vg € G}
and from X to {X € X : VXV = X, Vg € G},
respectively.

IV. ExXaMPLES

Now, we provide two examples of deriving closed-form
analytical expressions for optimal SMs.

2In Ref. [26], these maps are denoted as the same symbol, i.e., “go”.

A. Example 1

Our first example demonstrates that there exists a set
of product states that can be exactly distinguished by
an SM from Bob to Alice, while the average success
probability of any SM from Alice to Bob is almost zero.
Let us consider an SM from Alice to Bob for K? states

{OmpImper,, where

1
ﬁm,k = ﬁ ka) (ka| 5
Wog) = 1a™) @ [m), (14)

and K is prime. {|m)}er, is an orthonormal basis (ONB)
in Hp with dim Hg = K. For each m € Ik, {la" Y}er,
is also an ONB in H, with dim H, = K. A set of
ONBs {Ia]({m))}m,kg,( constitutes so-called mutually unbi-
ased bases (MUB) [28], which satisfy [(a!"|a"")| =
1/ VK (Vk,k' € Ig) for any distinct m,m’ € Ig. In the
case of K = 2, an analytical expression for an optimal
SM has been derived in Ref. [10]. In what follows, we
will provide an analytical solution for K > 3.

The MUB basis vectors {|a§(m))},,,,ke 7, can be chosen to
be eigenstates of generalized Pauli operators. Generalized
Pauli operators Sx and S are expressed by

Sx = ) Inel,

nelyg

Sz = D 'yl (15)

nelyg

where 7 = exp(2r V=1/K), {|n)}scr, is an ONB in H,,
and @ is the addition modulo K. We choose |a1((m)), without
loss of generality, such that thAe ONB {Iaim))}kE 7, 1s the
eigenbasis of the operator $xS7 for each m € Ig (see,
e.g., [29]).

First, we obtain an optimal solution X* to Problem DP.
Let G be the group generated by Sx and 7 (i.e., the
entire set of unitary operators expressed as the multlph-
cation of finite number of elements in {Sx, S Z,ST St 1.
For each g € g the umtary operators V and W is set to
V—gandW—lB,andU —V®W g®lB We
can easily verify that {0, i}miery satlsﬁes Eq. (10) with
appropriate maps {m,}seg. Therefore, from Theorem 2,
there exists an optimal solution X* to Problem DP such
tAhat SX)A(A*.?; =X* = SZ)A(*S’;, ie., )A(A* commutes with
Sx and Sz. On the other hand, since Sx and Sz do not
share any eigenvector, any operator commuting with $x
and Sz is proportional to 4. Thus, we have X* = ¢*1,
with a constant ¢*. Substituting this into Problem DP, we
obtain the following problem

minimize ¢

subject to CTA >0, Ywe (16)

with variable ¢, whose optimal value is ¢*. Thus, it
follows that ¢* equals the maximum of the largest eigen-



values of &, which gives

c* = max{(glo.lg) : 1p) € Ha.(glp) = L w € Q}.
7)

c* can be derived from this equation as follows. Substi-
tuting Eq. (14) into Eq. (4), we have

Z P Ia"y @, (8)
mkeIK
where
Por = (mlB)Im) (19)
and { m])(}m rer, is the POVM on Hy corresponding to

w € Q. From Eq. (18), we have that for any normal

vector |¢) € Ha,
1
= § 2 kg™

mkel g

(PlTwld)

1 P gla™
< = (Pla,. )
2 Kk(m)
K mkEIK |
1 |2
< — > flalo)
mel g
1 N
= F<¢|Fl¢>, (20)

where «(m) is a function of m such that

k(m) € argmax|(pla"y], VmeIx  (21)

kely
and
fo= >l (22)
mel g

The third line of Eq. (20) follows from Zke]K f;” ,)C <
(m|1g|m) = 1, which is given by dek mk <1

Due to the symmetry of the states, we can here assume
k(m) = 0 for each m € I g without loss of generality. It is
known that, in the case when K > 3 is prime, |a§cm) )y can

be expressed as (e.g., [29])
- Z —kn+mn(n—1)/2 |n> (23)

nEIK

| (m)

Substituting Eq. (23) into Eq. (22), and with some alge-
bra, we can obtain

K+1><K+1

42 %) ol @9

mel (g_1y2

2

where |v,,) is the normal vector defined by

[0y + 1)/ V2. m=0,
)= { (m+ 1) + K — my)/ V2, 0. @

Equation (24) indicates that the largest eigenvalue of I"
is 2, and thus, from Eq. (20), the maximum value of

($l-lp) is Z. which gives ¢* = & (e, X* = Z1a).
Therefore, we obtain 3

X 2
Py o= TRt = (26)

Next, we obtain an optimal SM. From Eq. (6), if
A(w) # 0, then at least one of the eigenvalues of
X* -6, > 0 is zero; i.e., &, has the eigenvalue . This
implies that the equality in Eq. (20) holds when |¢) = |u),
where |u) is a normalized eigenvector corresponding
to the largest eigenvalue of &,. We consider the case
pifl)c = Okxm) (Om, 1s the Kronecker delta), where «(m)
satisfies Eq. (21) with |¢) = |u), which is sufficient for
the equality in Eq. (20) with |¢) = [u). In this case, B'*)
can be expressed as

B = Stsim Im) (m] . 27

We can easily verify that A(w) written by the following
form:

Aw) = ylu)ul (28)

with y > 0 satisfies Eq. (6). These conditions help us to
find an optimal SM.

Let «(m) = t®ms (s,t € Ig) and w,, € Q be the
corresponding index; then, Eq. (27) gives

Bi:}:f) = Oksems Im) (m|. (29)
From Eq. (18), we have
0w, = — Z la ﬁg,)mﬂaﬁg}m (30)
melk

The following is a normahzed eigenvector corresponding

to the largest eigenvalue, el of &y,
. n/2
sy = Z G S PN IV
JEIK

In this case, we can see that Eq. (21) holds with |¢) = |u).
We choose A* such that

1
} |us,t> <”s,t| (32)

and A*(w) := 0 when w € Qis not in {wy, : 5,7 € Tx}. We
can easily verify Y 7, A*(wys;) = 14, and thus, A* is a
POVM on H, with K2 outcomes {Wst}srery - Since Eq. (6)
with A = A* holds, from Theorem 1, A* is an optimal
solution to Problem P. Substituting Egs. (29) and 32)
into Eq. (1), the corresponding optimal SM { m k }m,kE T
can be expressed by

A (AK 1
sy = (} ot <us,,|) ® (Gkoms Im) (ml)

s;telg

AA* ((’-)x,t) =

1
2 D Wskons) tctonms| ® m) Gl (33)

selg

3If K = 2, then Eq. (23) does not hold. However, we can apply the
same technique to this case and obtain X* = (4 7+ )l A- This yields

P; =5+ ﬁ which is consistent with the result in Ref [10].



where © denotes the subtraction modulo K.

We now compare the performances of SMs from Alice
to Bob and the other way around. From Eq. (26), the
average success probability, Pg, of an optimal SM from
Alice to Bob converges to zero if K goes to infinity. This
behavior is substantially different from that in the case of
an SM from Bob to Alice, of which the maximum average
success probability is exactly one regardless of K. Indeed,
in this case, Bob first measures in the {|m)}cr, basis,
and sends the result m to Alice. She then measures in
the corresponding {Iag"))}ke_rk basis. We can regard Ia,(:"))
as a quantum state in which the classical message k is
encrypted with the classical key m. If the communication
from Bob to Alice is allowed, then Bob can completely
specify the key m and sends it to Alice. In this case,
she can correctly decrypt the message k. However, if not
allowed, Alice cannot fully decrypt k.

B. Example 2

In our second example, we show a set of product states
that can be exactly distinguished by two-way LOCC,
while the average success probability of any SM, regard-
less of the direction of communication, is almost zero.
Let us consider the following K3 states {ﬁ;n,k,l}m’k»le il

A l ’ ’
Pkl = & Wk Wil s
|¢’1’n,k,l> |a§(m)> ® [Im)® |Cl;k)>], (34)

where |a§(m)) € Hy and Im)®|a§k)) € Hp 1 ®Hg, = Hp are
respectively states in Alice’s and Bob’s subsystems. Ha,
Hp.1, and Hp, are all K-dimensional. Iaim)) and |m) are
the same as the above-mentioned one; i.e., {|[m)},er, 1S
an ONB in a Hilbert space Hp;, and a set of {|a1(<m)>}k€ Tx
constitutes MUB in Hx or Hp,. In this example, it can
be interpreted that the classical message k is encrypted
with the classical key m, and the message [ is encrypted
with the key k. Thus, if LOCC with two rounds of
communication (i.e., Bob — Alice — Bob) is allowed,
then these states are perfectly distinguishable, while they
cannot be perfectly distinguished if restricted to an SM.

We consider an SM from Alice to Bob and another
from Bob to Alice. In the former case (i.e., Alice —
Bob), to determine m and k as accurately as possible,
they perform an optimal SM on the state Iaf('")> ® |m) €
Ha ® Hp,1 in the same way as the first example. If
they correctly identify k, then Bob can perfectly get [ by
subsequently measuring in the {|a§k))}le 7, basis in Hpg,.
In the latter case (i.e., Bob — Alice), Bob can get m
without disturbing the global state Ia,(cm)> ® [m) ® Iaﬁk)>
by simply measuring in the {|m)}uer, basis in Hp .
After that, they must discriminate between the pure states
{|a,((’”)) ® |a§k))]}kJE 1, with fixed m, which can be regarded
as the same states as those given by {|y ) }mker, Of
Eq. (14). Thus, an optimal SM for these states can be
obtained in the same way as the first example. In the
both cases, it follows that the maximum average success

probability is % (i.e., identical to P§ of Eq. (26)), which
converges to zero if K goes to infinity. The analytical
expressions of optimal SMs are also obtained in the same
way as the first example.

V. CONCLUSION

Two examples were provided in which optimal SMs
can be obtained using the methods of Refs. [25], [26].
These examples demonstrate that the dual problem for an
optimal SM and its properties derived in these references
are useful for obtaining an analytical expression of an op-
timal SM. We showed that there is a quantum state set in
which the gap between the average success probabilities
of an optimal SM and an optimal LOCC measurement is
almost one, and that there is another quantum state set in
which the gap between the average success probabilities
of an optimal LOCC measurement and an optimal global
measurement is almost one.
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