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The dynamics of entangled two qubit pairs in non -inertial frames is investigated. The degree
of entanglement is quantified for different classes of travelling states. The accelerated channels are
used as quantum channels to teleport unknown accelerated information. The possibility of using
the accelerated channels to perform quantum coding is discussed, where it is shown that the coding
information in partial entangled states is more robust than using maximum entangled states.
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I. INTRODUCTION

Investigating the behavior of entanglement in non-
inertial frames represents a cornerstone on relativis-
tic quantum information (see for example Alsing and
Milburn[1, 2]). Some efforts has been done in this di-
rection for understanding entanglement in non-inertial
frames. As an example, the dynamics of entanglement in
non-inertial frames for system initially prepared in mazx-
imum entangled state is investigated by Alsing et. al.
[3], where it is shown that the entanglement is degraded
by the Unruh effect [4] and its lower limit is enough for
quantum teleportation. The dynamics of the mutual in-
formation is investigated by Landulfo and Matsas [5, 6]
in non-inertial frames. Ramzan and Khan have inves-
tigated the decoherence and entanglement degradation
of a qubit-qutrit system in non-inertial frames[7]. The
classical and quantum correlations of scalar field in the
inflationary universe have been discussed by Nambu and
Ohsumi [8].

In this paper, some of our recent results are reviewed
[9-11] in context of relativistic quantum information.
The dynamics of a general two qubit state in Rindler
spaces are introduced, where only the density operator
in the first region of Rindler’s space is reported,(for more
detials see [9]). The degree of entanglement is quanti-
fied for different initial states setting. The possibility of
using the accelerated channel to teleport accelerate or
non-accelerated is discussed extensively in Metwally [10].
Finally, the behavior of coded and decoded information
for systems prepared initially in a maximum or partial
entangled state are briefly reported[11].

The paper is arranged as follows. In Sec. II, the sys-
tem and its evolution in the Rindler space are described.
Entanglement is quantified in Sec. III for different initial
states. Sec.IV is devoted to quantum teleportation pro-
tocol in non-inertial frames. Quantum coding using the
accelerated channels is discussed in Sec. V. Finally, the
results are summerized in Sec. VI.
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II. THE MODEL

The suggested model consists of a two qubits state.
Each qubit is accelerated with a different acceleration
on the same frame. A general two qubit system can be
written as[12, 13],

1 O
pap = 7(1+3a-0,+ 30y +7a- C-0p), (1)
where 0, = (Caz, Oay, az) and ob = (Opy, Oby, 0pz) are
the Pauli matrices for Alice and Rob’s qubit respectively,
Sa = (Saz» Say» Saz) With Sq; = tr{pap0a;}, while §; =
(Sba» Sbys Sbz), Sb = tr{papop; } are Bloch vectors for both

qubits respectively. The dyadic C'is a 3 x 3 matrix with
elements are defined by c¢;; = tr{pap0aioni}. The state
(1) represents a quantum channel between the two users
in the Minkowski frame. For accelerated particles, the
Rindler coordinates are more convenient.

To find the form of the Minkowski state in terms of
Rindler’ space, one has to use Bogoliubov transforma-
tion,

v, = cosT AL — e sinrBlL )
plh = e sinr Al + cosrBY, @
where Al and Blf,: represent the annihilation and cre-
ation operators in the regions I and I respectively. The
parameter ¢ is an unimportant phase that can be ab-
sorbed into the definition of the operators. In terms of
Rindler Fock states, the fermions vacuum state |Ok> and
the one particle state |1;) take the form [3]

|Ok> Ci|0k>1|0/k>11+Si|1k>1|1k>n’

L) = | ®)

L) |0k )

where it is assumed that the phase ¢ is absorbed into
the definition of the operators, C; = cosr;,S; = sinr;,
with tanr; = e ™%, a; is the acceleration, w; is the
frequency of the travelling qubits, ¢ is the speed of light,
and ¢ = A, R stand for Alice and Rob respectively. This
effect is called Unruh’s effect (3), where it is assumed
that the phase ¢ is absorbed into the definition of the
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operators. In what follows we shall consider some impor-
tant classes of entangled channels and investigate their
behavior in non-inertial frames.

011C3C3 012C3C5
021C3Ca Ci(022 + 01153)

031C1Co 032C1Ca

013C1C3
023C1Co

(033 + 01157)C3

By using Egs.(1)and (3) and tracing out the inaccessi-
ble modes in the region I, the state of Alice-Rob in the
region I is given by[9],

014C1Co
024C1

(034 + 01257)Ca

041C1C2 (042 + 03183)C1 (043 + 021S7)Co 044 + 03353 + SE(022 + 01153)

III. ENTANGLEMENT

In this section, the entanglement behavior for differ-
ent classes of initial states settings is investigated. The
earliest investigation has considered only one qubit mov-
ing with a uniform acceleration while the other one stays
stationary [14]. In the current study, all different situ-
ations are extensively investigated. To measure the en-
tanglement of the generated entangled channels, Woot-
ters’concurrence [15] are used,

C:max{(),Al e As 7A4}, (5)

where A\; > Ao > A3 > Ay and \; are the eigenvalues of
the density operator p = o7, p*0y7y, p* is the complex
conjugate of p.

Let us assume that we have a system prepared initially
in a generalized Werner state which is defined as:

1
PAR = 1(1 + Coa 0Tz + CyyOyTy + CZZUZTZ)' (6)

From this class, one can obtain the maximum entangled
states,. For example if we set ¢z, = cyy = .. = —1, we
obtain the singlet state (see for example Metwally [16]).
Also, if we set ¢z = cyy = .. = x, one obtains the
Werner state.

The concurrence C for a system initially prepared in
maximum entangled state (MES), and Werner states
with = —0.9,—0.8 is shown in Fig.(la). This figure
displays the concurrence behavior of the generated en-
tangled channel between Alice and Rob in the first re-
gion pj p . It is clear that, since we start with MES,
the concurrence C = 1 at r, = r, = 0. However if|
the first qubit is accelerated while the second qubit stays
stationary i.e., r, = r and r, = 0, then the concurrence
decreases smoothly and gradually as depicted in Fig.(1b).

Finally, let us consider a class of pure states. This
class is characterized by one parameter p, which is equal

to the length of the Bloch vectors i.e., |3| = || = p.

(

Mathematically it can be written as [13]

1
pp = 1 (]— +p(0m - T:v) — O0gTg
—/1—=p*(oymy + O’ZTZ)>,

where Bloch vectors and the non-zero elements of the
cross dyadic are given by,

(7)

Fig.(2a), shows the behavior of entanglement in the
first region I, where the system is prepared in a pure
state (7) described by p = % It is clear that as the ac-
celerations increase the entanglement decays. However, if
only one particle is accelerated, the rate of entanglement
degradation is small. This rate of degradation increases
if both particles are accelerated. The effect of the pa-
rameter p is depicted in Fig.(2b), where it shows that for
smaller values of p, i.e., the initial state has a large degree
of entanglement, the entanglement is much larger com-
pared with those for larger p, where the initial state has
a small degree of entanglement. Also, if the two particles
are accelerated, the entanglement decays fast.

IV. TELEPORTATION

In this section our recent results are reviewed [10],
where the generated entangled state has been used to
perform quantum teleportation for unknown accelerated
or non-accelerated information. As mentioned above, the
maximum entangled channels and a pure state with large
degree of entanglement could be used as a quantum chan-
nel to perform the original quantum teleportation [17].

Assume that a source supplies Alice with unknown in-
formation coded in Rob’s state as:

[vB) = al0) + B|1), (9)

where |a|? + |32 = 1. It is assumed that Alice ’s qubit
and Rob’s qubit are accelerated in the same frame with
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FIG. 1. The degree of entanglement in the first region I for a system prepared initially in maximum entangled state (solid
curve), Werener state with z = —0.9 ( dot-curve) and = = —0.8 dash (dot curve). It is assumed that (a) both particles are
accelerated i.e, 1, = 7, = r and (b) only the first qubit is accelerated.
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FIG. 2. The degree of entanglement in the first region I for a system prepared initially in a pure state (a) p = 1/v/2 where
for the dot curve it is assumed that only one particle is accelerated while the solid curve (the two qubits are accelerated (b)
Represent the entanglement aganist the channel parameter p. The dot curve, dash-dot and solid curves for no acceleration,
first particle is accelerated (ra = 0.5,7r = 0) and both particles are accelerated (ra = 0.5,7rg = 0.5).

different accelerations. At rest, the frames of Alice and
Bob are nearer so that Alice can make the measurements
by using the basis on both frames [1].

Now let us assume that the coded information in the
state (9) is accelerated according to Eq. (3), with an
acceleration 3. The density operator in the region I,
which carries the unknown information ,is given by

pi = |al? cos® r3|0)(0] + |asinrg + B1*|1)(1|.  (10)

To teleport the unknown information which is coded on
the state (10), Alice and Rob will use the accelerated
state of the pure state in the region I as an quantum
channel [9]. For this purpose the partners perform the
original quantum teleportation protocol [10]. If Alice
measures the state ’¢+> = %(’OO> + |11>), then Rob

will get this final state with a fidelity,

where,

oo

Hi11

Fpo = Bijioo + Bapi11 (11)

i((Bl + B2)(011 + 033)

B, - B
—&-u cosry (1 + cos 2T2)>,
1 4 (12)
1 ((Bl + B2)(022 + 044)
B, - B
—&-% cos (3 — cos 2T2)>,
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and
171— —
011 = Z{Tq(l—l—Qcos%l)—k qCOSQT2j|,
1
022 = E{q— 1+2(q+1)cos2r; + (q+3)cos2r2],
171 1
033 = 1{ —;—q cos2ry + %(1 +cos2r2)},
1719— 3
Oug = ~ {7(1 — ? cos 2r) — ' cos 21"2}, (13)
41 4
and By = |a|?cos?r3, By = |asinrs + 8]?, and ¢ =

V1—7p2

Our results show that the fidelity of the teleported
state depends on the initial degree of entanglement of
the used quantum channel, the accelerations of the quan-
tum channel, and the acceleration of teleported state.
Also, sending classical information via quantum acceler-
ated channel is much better than teleporting quantum
information. For more discussion see Metwally[10].

V. QUANTUM CODING

In this section, the accelerated channel is used to send
a coded information between the two users. For this pur-
pose we consider a system of a two qubits prepared ini-
tially in X —state [18]. This class has been have been
extensively used in the context of quantum information
[19-21]. This system is characterized by

—

Using (5),(6) and (20), we obtain the density opera-
tor of the accelerated channel in non-inertial frame [11].
However if, the states of Alice and Bob in the second re-
gion I are traced out, then the accelerated channel in
the first region is given by

Bii 0 0 B
(I) 0 822 823 0
Par =\ 0 By Bsz 0 (15)
By 0 0 Ba
where
Bii = Aiicos?rgcos?ry,
By = Ajscosrgcosry,
By = cos?r, (A1 sin?ry, + Aaz),
Boz = Aszcosr, cosry,

Bss = Asscosr, cosry, (16)
Bss cos? ry(Aqg sin® 7o + Asz),
By Ayq cosr, cosTy,
Bu = sin2 Ta (.An SiIl2 Ty + Agg)
—|—.A33 Sil’l2 Ty + .A44

where
1
A = Au = %(1 +c2),
A = Asz = *(1 - Cz)
{ (17)
Agz = Azp = %(Cz +¢y),
Ay = An = Z(CT Cy)

Now, we can use the output state (15) to perform the
original quantum coding protocol [22-24]. At the end of

Sa=38p=0, ¢j;=0for i#jand ¢; #0for i=j  the protocol, the maximum amount of information which
(14)  Rob can extract from Alices message is bounded by,
|
Ir = —2()\+ log )\+ + A_log )\,) — 2()\1 log A1 + A2 log Ao + A3z log A3 + Ay log )\4) (18)
where
1y, 1 -
Ar = 5{1 + 5\/{(311 + Bsz) — (Bag + Baa) }2 + 4(Bi2 + Bsa) (Ba1 + Bags) }7
1
A2 = 5{311 + B} £ \/(311 - 344)2 + 4541314}7 (19)
1
A3q = 5{322 + B3} + \/(322 - 333)2 + 4523332}7

Fig.(3) shows the dynamics of the decoded information
at Rob’s hand, I'p which is coded in an accelerated chan-
nel in the first region (I). The dynamics of I information
for a system prepared initially in a maximum entangled
state is depicted in Fig. (3a), where it is assumed that
both particles are accelerated. It is clear that at zero
accelerations (r, = 1, = 0), the amount of decoded in-
formation is large. Furthermore, as the accelerations in-
creases, Ip decreases. However, the decreasing rate is

(

larger when both particles are accelerated. The dynam-
ics of decoded information for a system prepared initially
in a partial entangled state is depicted in Fig.(3b), where
we assume a class of Werner state. The behavior of I is
similar to that shown in Fig.(3a), but the decreasing rate
is smaller than that displayed in Fig.(3a). This shows
that the coded information in a partial entangled state is
much robust than that decoded in a maximum entangled
state (see [11] for more discussion).
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FIG. 3. Rob information Ir for a system prepared initially (a) Maximum entangled state (b) Werner state with czo = cyy =

c.. = 0.7.

VI. CONCLUSION

In this paper, we review some of our recent results[9-
11], where the dynamics of a general two qubit state is
investigated in non-inertial frames. An analytical expres-
sion is obtained for the travelling state in both Rindler’s
region [9]. The degree of entanglement of the accelerated
particles depends on their initial entanglement. The en-
tanglement of pure state is more robust than that for
maximum entangled state. If the two particles are accel-
erated, the degree of entanglement decreases fast. The
possibility of using the output to teleport an accelerated
information is discussed, where the fidelity of the tele-
phoned state is evaluated analytically. Also, the output
state is used as a quantum channel to send coded infor-

mation. It is shown that the decoded information de-
creases as the acceleration increases. However, the lose
of information coded in partial entangled states is smaller
than that coded in maximum entangled state.

VII. ACKNOWLEDGEMENT

I would like to thank Prof. Osamu Hirota for his invi-
tation to the International Workshop at Tamagawa Uni-
versity Tokyo, Japan, November 26 to 28 (2012), where
these results have been presented. Also, I would like to
thank Prof. B. Sanders for discussing these results during
the workshop.

[1] P. M. Alsing, G. I. Milburn, Phys. Rev. Lett.91 180404-
180407 (2003).

[2] M. Aspachs, G. Adesso, and I. Fuentes, Phys. Rev. Lett
105 , 151301 (2010).

[3] P. M. Alsing, I. F. Schuller, R. B. Mann and T. E. Tessier,
Phys. Rev. A 74 032326 (2006).

[4] D. E. Bruschi, J. Louko, E. Martn-Martnez, A. Dragan,
and I. Fuentes, Phys. Rev. A 82 042332 (2010).

[5] Andre G. S. Landulfo, George E. A. Matsas, Phys.
Rev.A80, 032315, (2009).

[6] L. C. Celeri, A. G. S. Landulfo, R. M. Serra, G. E. A.
Matsas, Phys. Rev. A 81, 062130 (2010).

[7] M. Ramzan and M. K. Khan , Quantum Inf. Processing
11 443 (2012).

[8] Y. Nambu and Y. Ohsumi, Phys. Rev. D 84 044028
(2011).

[9] N. Metwally, arXiv:1201.5941, (2012).

[10] N. Metwally, J. Opt. Soc. Am. B, Vol. 30, No. 1, 233-237
(2013).
[11] N. Metwally and A. Al-Sagheer, arXiv:1302.7295(2013).

[12] N. Metwally, ”Entangled qubit pairs” , Dissertation
an der Fakultat fir Physik der. Ludwig- Maximilians-
Universitat Mnchen (2002).

[13] B.-G. Englert and N. Metwally, J. Mod. Opt. 47, 221
(2000);B.-G. Englert and N. Metwally, Appl. Phys B72,
35 (2001).

[14] J. Wang and J. Jing, Phys. Rev. A. 83 022314 (2011).

[15] S. Hill and W. K. Wootters, Phys. Rev. Lett. 78 5022
(1997); W. K. Wootters W K, Phys. Rev. Lett. 80 2245
(1998).

[16] N. Metwally, Int. J. Theor. Phys. 49 pp.1571, (2010).

[17] C. H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, and
A. Peres, Phys. Rev. Lett. 70 1895 -1899 (1993).

[18] T.Yu and J.H.Eberly, Quantum Inform. Comput. 7, 459
(2007).

[19] M. Ali, G. Alber and A. R. P. Rau, J. Phys. B 42, 025501
(2009).

[20] M. Ali, A. R. P. Rau and G. A, Phys. Rev. A 881, 042105
(2010).

[21] Qing Chen, C. Zhang, S. Yu, X.X. Yi and C.H. Oh, Rev.
A 84, 042313(2011).

The First International Workshop on Entangled Coherent States and Its Application to Quantum Information Science
— Towards Macroscopic Quantum Communications —
November 26-28, 2012, Tokyo, Japan



58 Nasser Metwally

[22] C. H. Bennett and S. J. Wiesner, Phys. Rev. Lett. 69 [24] G. Bowen, Phys. Rev. A. 63 022302 (2001).
2881 (1992).

[23] S. Bose, M. Plenio and V. Vedral, J. Mod. Opt. 47 291
(2000)

The First International Workshop on Entangled Coherent States and Its Application to Quantum Information Science
— Towards Macroscopic Quantum Communications —
November 26-28, 2012, Tokyo, Japan



