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Abstract—The performance of the quantum Neyman-
Pearson receiver for a binary coherent state signal in the
presence of thermal noise is numerically investigated. To see
the detection sensitivity of the quantum Neyman-Pearson
receiver, its receiver operating characteristics (ROC) are
numerically obtained. The performance limit of the quan-
tum Neyman-Pearson receiver is directly computed when
the false alarm probability is very small, and the simula-
tion result of the binary thermal coherent state signal is
compared to that of the case of random phase signal.

I. INTRODUCTION

The Neyman-Pearson (NP) criterion was originally
developed for binary hypothesis testing [1], [2]. The idea
of the NP criterion was applied to optimal signal detection
problem in the early days of radar technologies [3], [4].
It is nowadays considered as one of fundamental signal
processing techniques for radar systems [5].

The first application of the NP criterion to quantum
signal detection was considered by Helstrom [6]. In the
literatures [7], [8] the performance of the quantum NP
receiver for a binary coherent state signal of random
phase is well analyzed in the presence of thermal noise.
An analysis for the corresponding non-random phase case
was discussed by Yoshitani [9] through a third-order
perturbative calculation. However, the analysis is valid
only for the case of very small thermal noise due to the
perturbative calculation, and hence the performance eval-
uation for the thermal coherent state signal having non-
random phase in wider range of thermal noise exceeding
the small noise case is remaining. Therefore, the aim of
this paper is to expand beyond the preceding works by
focusing on the numerical evaluation of the receiver.

II. NEYMAN-PEARSON CRITERION IN QUANTUM
DETECTION

Here, we introduce a general approach of the quantum
NP criterion in accordance with Helstrom [10]. Suppose
that there are two quantum hypotheses, Hy and Hy, that
are associated with two distinct quantum-states py and
p1, respectively, and let [T = (ﬁo,ﬁl) = (i - ﬁl,ﬁl)
denote a positive operator-valued measure (POVM) that
describes the mathematical model of a detector. The false
alarm of the detection is characterized by

Qo = Pr{Hi[Ho} = TrII o, (1)

and the detection probability is defined as
Qa =1 —Pr{Ho[H1} = Pr{Hi|H,} = TxIl1 . (2)

The problem is to maximize the detection probability QQq
under the constraint Q¢ < ag, where «y is a preassigned
constant. Using the undetermined multiplier method, the
function F' to be maximized is written as

Fo= Qa—{(Qo—a)
= aoC+ TrI (p1 — (ho) 3

with an undetermined multiplier ¢ > 0. If the operator
p1 — (po can be decomposed into the form

/31*Cﬁo:Z)\i(C)W(C)><)\z’(C)| 4)

with its eigenvalues \;(¢) and eigenvectors |\;(C)), then
the detection operator

mE)=" Y. MO ®)

1)\,(§)>0

maximizes F' for a fixed ¢ when zero eigenvalues occur
from a set of measure zero. Letting

aQ) = D NOlpolNi(Q)) (6)

Z)\,,(C)>O

and

BEO) = 1= > NN, O
2 (¢)>0
the problem is reduced to finding the optimal ( that
maximizes 1 — $(¢) under the constraint a(() < «p.
For this problem, one may use the bisection search (or
its variant such as the golden section search) to find the
optimal ¢°, because the function «(¢) is a monotonically
decreasing function of ¢ due to the convexity of the set
of all possible points (Qo, Qq) (e.g. Fig.4. See also the
region D in Fig.4.2. of the textbook [10] ). Therefore, a
rough sketch of the calculation procedure for finding the
best detection probability Qq = 1 — 3((°) is given as
follows:
1) [ap is given]
2) Do the bisection search to find the optimal (° under
the constraint a(() < «p. In each stage of the
bisection search, compute «(¢) by using Eq.(6).
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3) Once the optimal ¢° is found, compute Qq = 1 —
B(C°) by using Eq.(7).
This procedure is used to find the best detection proba-
bility (Qq for our problem in Section IV.

III. MATRIX REPRESENTATION OF THERMAL
COHERENT STATES

Suppose that a binary coherent state signal {|0), |y)} is
in the pressure of thermal noise, where |0) is the vacuum
state and |y) the coherent state of complex amplitude ~.
In this situation, we assume that the received signals are
given by the thermal vacuum and thermal coherent states.
The density operator of the thermal vacuum is expressed
in the following P-representation.

po = pwm(0)
1 7[2
= [eot-Ehmpier. @
TNth Tth

where ny, is the average photon number of thermal
noise given by ng, = (e"/*8T — 1)=1 with the angular
frequency w of light, Boltzmann constant kp, and the
absolute temperature 7'. This state is also written as

po=(1—-v)Y_ v"[n)nl, )
n=0
where the real parameter v is defined by v =
ngn/ (1 + nen), or ngy, = v/(1 — v). On the other hand,
the thermal coherent state with complex amplitude y is
given by
o= pm(y)
1 ,y/ _ ,.y 2
= /eXp[—%]|V’><7/|d27/o (10)

TNth th

The matrix representation of j, in the basis {|n)} is given
as follows [11]:

|

(mlprln) = /22—

" ((1 - V)’Y*>n_m

v
x exp[—(1 — v)|7[?]
XL(nfm)[i (]‘ _ V)2h/|2]
im<n (1)

(m|p1ln) = ((n|p1|m))*, itm>mn, (12)

where L™ [x] is the associated Laguerre polynomial

([12], [14]). By using Eq.(9) and Eqgs.(11)-(12), one can
obtain a matrix representation of pq — (po in the ordered
basis {]0),]1),]2),...}. Since a computer can handle
only a finite matrix size, one must employ an appropriate
cut-off rule for the matrix size. In this study, we have
used the same cut-off rule for the matrix size as that of
the literature [13]: For a finite size matrix representation

pi = [(mlpa|n)| 5 of the state p; (i =0, 1), (i)

compute Trp; and Trp?, (ii) compare them with 1 and
(1—-v)/(1+wv), respectively, and (iii) check whether the
errors are within a preassigned accuracy €pmatrix-

IV. PERFORMANCE OF THE NEYMAN-PEARSON
RECEIVER FOR BINARY THERMAL COHERENT STATE
SIGNAL

In the detection theory, the receiver operating char-
acteristic (ROC), which indicates the performance of
(Qq against «ay, is often used to evaluate the detection
sensitivity of a receiver. The ROC of the quantum NP
receiver for decision between two pure coherent states
|0) and |v) is shown in (a) of Fig. 1, where we have
assumed ~ is real and have set to 42 = 0.01,0.1,0.5, 1,
and 2 (See also APPENDIX). The effect of thermal noise
can be observed in (b.1)-(b.5) of Fig. 1, where we have
used the following conditions for calculation:

e v is real;

e po = pen(0) and p1 = pen(7);

e v2=10.01,0.1,0.5,1, and 2;

e nyy =0,0.01,0.1, 1 and 5, or v = 0, 0.0099, 0.091,

0.5 and 0.83.

The calculation program is based on the procedure men-
tioned in Section II. The source code of the calculation
program was written in C++ and was compiled by Intel
compiler on CentOS 5 (x86_64). To compute some spe-
cial functions and to find the eigenvalues and eigenvectors
of a matrix, GNU Scientific Library (GSL) [14] was
used. The accuracy e€paqix for determining the matrix
size was set to 10713, so that the number D of the
rows (which equals to that of the columns) of the matrix
representation p; (z = 0, 1) was determined according to
satisfying this accuracy. In each stage of the optimiza-
tion process for parameter (, the eigenvalue problem of
(1/(1 + Q))p1 — (¢/(1 + ¢))po was solved instead of
that of p; — (po. The initial values for the bisection
search were set to Cﬁz/(l + ng) = 0.0 (or Cl(g = 0)
and (%) /(1 +¢%) = 0.99999 (or %), = 99999.0),
which was chosen heuristically to cover all the case under
consideration. Moreover, the accuracy for the bisection
search €gearch Was set t0 €gearcn = 10712, that is, the
iteration halted when C;})m — lsft < €gearch 1S satisfied
at an sth stage. In our simulation, we observed that the
resulting ¢° yields a(¢°) = o within accuracy 10719,
Finally, we numerically checked the completeness of the
resulting eigenvectors with accuracy 10712, It means that
every entry of the matrix consisting of the sum of the
dyadic product of the resulting eivenvectors is identical
to the corresponding entry of the identity matrix within
the accuracy 10712,

As shown in (b-1) to (b-5), we observe the performance
degradation of the quantum NP receiver due to the
thermal noise in each 2. From the comparison of the
cases of ¥2 = 0.01 and 2 = 2, we can find the difference
of the speed of the performance degradation against the



increase of the average number ny;, of photons of thermal
noise. In this comparison, the latter might seem to be
more degraded against the increase of n}, than the former.
But, when the average number 7y}, of photons of thermal
noise is fixed, the ROC curves are lifted upwards as
+? increases. Hence the improvement of the signal-to-
noise ratio is essential for the detection sensitivity of the
quantum NP receiver.

In radar/lidar applications, the case of small g is of
much interest. Fig. 2 shows the detection probability QQq
versus v2 when «q is small. The simulation condition is
as follows:

o ap=10"2,10"%,10"5;

e 7 isreal, and 0.1 < 2 < 18;

e nyy = 0, 0.05, 0.1, 0.5, 1, and 5, or v = 0, 0.048,

0.091, 0.33, 0.5, and 0.83;

where the computing environment (including the initial
set-ups, the verification level of the completeness of the
eigenvectors, and so on) is the same as in the case of Fig.
1. From these figures, we see that the behavior of the
curves in each figure is similar except its scaling of the
probabilities. It can be seen as a reflection of the trade-off
between the detection probability (4 and the false-alarm
level ayp.

Here we consider the case that the phase of the
amplitude ~y is uniformly distributed for comparison. In
this case the signal state p; is replaced to

pr = pe(lv]e)
L[l ' = [yle*]
= o { exp[— ]
™ Jo TiTth Nth

x[y')(+/|[d*y' | de

1 ,Y/ 2+ ,_Y2
~ L [ g EY
TTth Nth

2 /
o2y ey, )

where lp[z] is the modified Bessel function of order zero
([12], [14], [15]). The detection probability Q4 for this
random phase signal is given [7] by

z—1
Qi = 1-> Pu—(1-qPa, (14
n=0

where the fraction ¢ is determined by oy = ¢(1 —v)v* +
v**1 and the decision level z = |(Inag)/(Inv)], and

Py = (1—-vp", (15)

P = (1-v)"exp[-(1-v)ly’]
xLn[=(1=)*h[*/v], (16)
with the Laguerre polynomial L,[z] ([12], [14]). The
detection probability Q4 for the case of random phase
signal is shown in Fig. 3, together with that for the non-

random phase signal. The solid lines are identical to the
corresponding Q4 shown in Fig. 2, and the dashed lines
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are obtained from Eq.(14). In each figure, the difference
between the detection probabilities of two cases becomes
larger as 2 increases. The parameter 2 can be regarded
as a measure of closeness of the two signals. The effect
of randomness of the phase clearly appears when the two
signals are apart from each other in each case of ny.
Conversely, it seems to be limited when the signals are
closer.

V. CONCLUSION

We considered the quantum Neyman-Pearson receiver
for a binary coherent state signal in the presence of ther-
mal noise. The receiver operating characteristic (ROC)
curves of the quantum Neyman-Pearson receiver for
binary thermal coherent state signal were numerically
obtained. The performance limit of the quantum Neyman-
Pearson receiver was obtained via direct calculation of
the eigenvalues and eigenvectors of the operator p; —(pg
when the false alarm level ag = 1072, 10~%, and 1076.
Further, the simulation result for the binary thermal co-
herent state signal is compared with the case of the signal
with random phase. This complements the preceding
works done by Yoshitani [9] and Helstrom [8] in terms of
the numerical evaluation of the quantum Neyman-Pearson
receiver for a binary thermal coherent state signal.
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APPENDIX

The case of binary pure state detection was analytically
solved by Helstrom [6]. This appendix is a short summary
of his result.

To begin with, let us consider the following two pure
states:

Ho : po = [vo)(¥o| and Hy:pr =|v1)@n], (A7)

where (1g|tp1) = kel?, 0 < k < 1and 0 < 0 < 27 If
ap = 0, one can employ the Kennedy receiver [16] to
construct the quantum NP receiver. It is given by

I =1~ o) (ol (18)

and hence
Qa=1-r% (19)

Here we let
lo) = 7ooltho) + r10[11), (20)
lu1) = roulvo) + rulin), @1
where
1 1 1

Too = 3 (m-i- \/ﬁ) =711, (22)
ro1 = ;<\/11+7/1 - \/11711) e =71, (23)
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Fig. 1. Receiver operating characteristics (ROC) for binary coherent states in the presence of thermal noise. (a) noiseless cases (72 = 0.01,0.1,0.5, 1
and 2). (b.1) case for v2 = 0.01 with thermal noise ¢, = 0,0.01,0.1,1 and 5. (b.2) v2 = 0.1. (b.3) v2 = 0.5. (b4) v2 = 1. (b.5) 42 = 2.
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Fig. 2. Detection probability Qg4 [%] versus 72. (@) ag = 1072, (b) ag = 1074, (¢) ag = 1076.

These vectors form an ordered orthonormal basis B =

where

{|po), |p1)}. Then the states |tbg) and [1)1) are rewritten

as

o) = so0lpo) + s10lp1)
= [[o)]s =

1) = soilpo) + s11lp)
= [[v1)]s =

S00

501

N =D =

(VITrR+vVI—R) =su, (6

(V1+r—-V1-k) e =57, (27)

Further, the matrix representations of pg and p; in the

500

}, (24)
510
po = lpolp
S01
$11 :| ) (25) -

B s(1+V1—r?) Frel?

basis B are respectively given as follows.

La—vi—we) | @Y
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Fig. 3. Detection probability QQq [%] for binary thermal coherent state signal of known phase and for that of unknown phase. Solid line: known
phase cases. Dashed line: unknown phase cases. (a) cg = 1072, (b) ap = 102, (¢) ag = 1076.



and

o= nlg

(1—-+v1-k? 1keld 29)
N 1ke 10 11+V1—x?) |’

Hence we have

|
N|—=

. N . Aoy Aot
_ - — — 30
p1— Cpo = [p1 — Cpolp { A Ay ] (30)
with
1 1
Ay = 5(1—\/@)—5(14—\/1—%2)& €1)
I T ST
Agn = 2/£e 2%(6 , (32)
A = %Ke_ie N %ng—ie = Aj1s (33)
1 1
An = SO+ VI=R) = (1= VI )G G4

From this one can find the eigenvalues of p; — (py as
follows.

A

é(l—c—A) <0, (35)

A = %(1—C+A)>0, (36)

where A = /(1 + {)? — 4¢k?2. The corresponding eigen-

vectors are then given by

Ay = Ulpo) = uoolpo) + wiolp)
- _ Upo
s =| | o
Ap) = 0|H1>:U01|M0>+U11|/L1>

“als =[] e

where we have defined

U = wugolmo) (ol + uor|o) (1]
+uopn) (o + war|pn) (pal,
. o Upo  Uo1
= [Ulr = 39
Vs |:U10 U11:| ©%
with
A+ (14 OV1 — k2
Ugy = 1+ ~ =uyy, (40)
V242 4201+ OAVI— R
1— i0
P R — Qe = —uly. (41)
\/2/12 +2(1+)AV1 — K2
Letting
Iy = |A_)(A_| = Uluo){uo|UT,
= [l]s
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and

) (M| = Ulua) ] UF
= [Ih]s
1 2,.2 1 i

— ﬁ(l_g) H. ﬂ(l_C)"ie 43

ﬁ(l*()lﬁleila 1— ( )
with 2 = 24{A+ (1+ ()V1— K2}, the type-I error
probability «(¢) = P(1]|0) and the type-II error proba-
bility 8(¢) = P(0|1) are respectively given by

5.2
o) = ;- TEIZEE
_ 2
po = 5o THIET )

A typical behavior of «(¢) and B(() is illustrated in
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D%

e
N\
A\

type-l error prob «(¢) and type-Il error prob 3({)

D0 02 04 06 08 10
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Fig. 4. «(¢) and B(Q).

Fig. 4. Form this we observe there is a trade-off relation
between «(¢) and 5(¢) for the choice of .

The remaining task for the the NP criterion is to find
the optimal ¢ that maximizes the detection probability
1 — B(¢) under the constraint «(¢) < ap. When «q is
chosen as k2 < ag < 1, the constraint «({) < g can be
replaced to a(¢) = k2 since the maximum value of a(()
is k2 and there is a trade off relation between a(¢) and
B(¢). Solving the equation «(¢) = k2, the optimal (° is
0. When «y is chosen as 0 < o < x2, then the constraint
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a(¢) < agp can be replaced to «(¢) = «p. Solving the
equation a(¢) = v, we have

C°=—(1-26%+(1-2)

where we have used the condition ¢ > 0. Substituting the
optimal (° into Eq.(45), we have

Qa = 1-p(¢°)

1 — K2,

(H\/%‘" V (1—ag)(1— 52)) (46)

if 0 < ag < K%
1, if K2 < ap < 1.

if g = O;
2
?

Thus we could reach to the result shown in Eq.(2.33) of
the textbook [10] (or Eq.(2.18) of the literature [8]).

At the tail of this appendix, we must mention that the
analysis above is mainly based on the analysis used in the
literature [17] which treats the problem of the minimax
criterion. In this analysis we have used a technique of the
square-root measurement.
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