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Abstract—Classical wavelet transforms have been success-
fully applied in many fields of signal processing. Quantum
wavelet transforms, which are the quantum analogues of the
classical wavelet transforms, are expected to be a promising
tool for quantum information and quantum computation.
We propose an efficient implementation of any quantum
(decimated) orthogonal wavelet transform and its undeci-
mated version.

1. INTRODUCTION

Quantum Fourier transforms have been extensively
used in the field of quantum computing. In the signal
processing community, classical wavelet transforms have
been often used instead of classical Fourier transforms
[11, [2]. This implies that quantum wavelet transforms
have a great potential for quantum signal processing and
quantum computing. Although efficient implementations
of quantum orthogonal wavelet transforms (QOWTs)
have been proposed only for the Haar and Daubechies
filters [3]-[6], there are other commonly used orthogonal
wavelet filters, such as Symlet [7] and Coiflet [8]. To get
good performance for required tasks, the users need to
choose an appropriate wavelet filter. Thus, it is natural to
find a way of implementing QOWTs to cope with these
filters.

In this paper, we derive a new factorization of the
wavelet transform matrix for any QOWT, which leads
to an efficient quantum circuit. As well as the OWTs,
those undecimated versions have also been widely used
in classical signal processing, such as pattern recognition
and denoising, due to the advantage of the shift-invariant
property. We show that our approach can be easily ex-
tended to the implementation for the undecimated version
of the OWT (UWT).

II. WAVELET TRANSFORMS (WT's)
A. Preliminaries

Let U, be the set of all unitary matrices of order m.
Matrices are written in upper-case letters, while vectors
are written in bold lower-case letters. The (j+ 1,k + 1)-th
element of a matrix M is denoted by M ;. Also, the (j+1)-
th element of a vector v is denoted by v;. Note that the

indices j and k start from zero. Let 7 := {0, 1,...,k—1}.
O,, and 0, respectively, denote the m X m zero matrix
and the m-dimensional zero vector. In this paper, we
consider a complex-valued input signal with N = 27
samples. When we write k € 7 in binary notation as
k=qn-19n-2---q0 (qo,---,qn-1 € I2), which satisfies

the corresponding element |k) of the computational basis
{lk) : k € Ty} is given by the tensor products of the form

k) = 1gn-1) lgn-2) - - 190) -
B. Classical wavelet transforms

Before passing to the main topic, let us briefly review
classical orthogonal wavelet transforms (OWTs) (for de-
tails see [1], [2] and references therein). Let = be the
number of levels in the transform. Let Ny := 27¢N for
each level, £ € Iz, of decomposition. In the OWT, as
the level increases, more and more detailed information
is removed. Given an input vector x € CV, the OWT
calculates the scaling coefficients, s¢*! € CVer1| and the
wavelet coefficients, w¢*D e CNen| at different scales
& € Iz, using the following equation:

2L-1 20-1
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(1)
where s© = x. {25! and {g,}?;" are, respectively,

the scaling and wavelet filters with length 2L (where
hyr—1 = gor-1 = 0 is allowed). The scaling and wavelet
coefficients, respectively, correspond to low- and high-
frequency components. By convention, let 4, = g, = 0
for any r ¢ I,;. These filters must satisfy the perfect
reconstruction conditions:

i B hysor = i 8 82k = k0>

t=—00 t=—00
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where 9, is the Kronecker delta. The output of the OWT
is [s®T, w&T . . wT|T € CV, where T is the transpose.

Given an even number M with M > 2L, let Hy €
CMxM be a block circulant matrix defined as

HO g -1
gy o . :
HM = > (3)
. HO
HO .. HED O

where

H® — [hzk hok+1 _ @)

82k 82k+1

Note that H® = O, holds for each k > L. It is seen from
Eq. (2) that HMHL = I3 holds (where T is the conjugate
transpose and [y, is the identity matrix of order M), i.e.,
Hy; is a unitary matrix. At each level &, s¢*1 and w¢*+D
are obtained by
7D = Hy, 59,

where
E+1) . [S(EH) &+ (E+D ¢+ (&+1) (é+1) ]T

= s g

WO ST W Sy L W

n

Let Iy, € Uy, be the matrix whose (j+1, k+1)-th element

is!

(T jk = O 1k/214v(Mk)s

v(M, k) = {

0, k is even,
M/2, kis odd,

where | x| is the greatest integer that is not greater than
x. For any x € CM, T, satisfies

T
HMx = [x03x29"'9-xM—2’x19-x3s""xM—l] )

which can be interpreted that I, divides x into two dis-
joint sets of samples, even-indexed samples [xg, X2, . .. ]
and odd-indexed samples [x1, x3,...]. The transform ma-
trix W € Uy of the OWT is expressed by

W= WE—l WE_Z te WO’ (5)
where
We = (y, & Iy-n)(Hy, ® In-n,).

W is completely characterized by the set of L matrices
{HP}—). We can easily verify that

@)
s S
Wes'®) = [W(§+l)]

and

My corresponds 1'[;/, in Ref. [4].

Fig. 1. Quantum circuit for the QOWT with the transform matrix W.

Assume that the order of Hy, (i.e., N¢) is not less than
4L -2 for any ¢ € Iz, which means that N > 2=(2L - 1)
holds; we can pad x with some values (e.g., zeros) to get
a sufficient number of samples.

C. Quantum wavelet transforms (QWTs)

Let us consider the following unitary transformation
represented by the unitary operator

N-1N-1

W= "3 Wil iy ik,

=0 k=0

where W is the (j+ 1, k+1)-th element of the transform
matrix W given by Eq. (5). For an input quantum state
|x), W |x) can be represented as Wx, where x € CV is the
column vector representation of |x) in the computational
basis, whose (k + 1)-th element is x; := (k|x). For
simplicity, W is identified with W.

III. ImpLEMENTATION OF QOWTS

The QOWT with the transform matrix W can be im-
plemented in the quantum circuit shown in Fig. 1, which
operates on n input qubits. Each box with a vertical line
indicates a controlled gate, where the empty circle marks
the control qubit; the operation is applied if the state of
each control qubit is [0). It is known that Iy, @ Iy_y, can
be implemented in O(n) controlled-NOT gates [4]. In this
section, we show that Hy, ® Iy_y, can be implemented
with a complexity of O(n), which indicates that W can
be implemented with a complexity of O(ZEn).

Assume, without loss of generality, that h, and g,
satisfy

ol + lgol* # 0, HED # 0,. (6)

The first equation indicates that at least either Ay or gg is
not zero; the second equation indicates that at least either
har—o, hop—1, 8212, Or gor—1 is not zero. Let Oy € Uy, be
the downshift permutation matrix, whose (j+ 1,k + 1)-th
element is

(OM) jk = O(j+1)mod Mc>

where a mod b denotes the remainder in the division of a
by b. For any x € C¥, we have

T
QMx = [x19'- .,.XM_I,X()] .
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Fig. 2. Quantum circuit for Hy,.

QO can be implemented with a complexity of O(log, M)
(4], [91.

We show the following theorem.

Theorem 1: For any Hy € Uy with M > 4L - 2
expressed in the form of Eq. (3), there exists a set of

L matrices {A; € Us}l7, satisfying

Hy =y @ AL-1)Ou(Iy ® AL2)Oum
XX Ou(lu ® Ag). @)

A circuit for the implementation of Hj, based on
Eq. (7) is shown in Fig. 2, which has a complexity of
O(Llog, M).

To prove this theorem, we can use the following lemma
(proved later).

Lemma 2: Assume L > 1. For any Hy € Uy with
M > 4L -2 expressed in the form of Eq. (3), there exist
two matrices A € U, and C € Uy satisfying

Hy =y ®A)QOuC,

Clk—j)mod M » j is even,

Cix = { ! . 8)
d-j+1ymod M>  J 1s odd,

where ¢, = d,, =0 (Ym > 2L - 2) holds and at least

either ¢p;_4 or cp7_3 is not zero.

The matrix C in Lemma 2 is the block circulant matrix
expressed by

cO o c4-n
H-n O ) :
C = C . C : )
S .o
ch ... cHE-D O

with

c® .- Cok Cok+l
dy  dops1|’

where C® = 0, holds for any k> L — 1.

Proof of Theorem 1 . The case L =1 is obvious, since
Hy =1y ® HY holds. In the case of L > 1, by iteratively
substituting C into Hy, in Eq. (8) and applying Lemma 2,
we obtain Eq. (7). [ |

We now prove Lemma 2.

Proof of Lemma 2 . Let us express A € U, as
_ 190 a1
Al o).
Let D := QyC. It is easily seen that D can be expressed
by

DO pWm pL-D
| o , :
: DO
p ... p¥-n  po
where
Do = dy st

C2k-2)modM  C(2k—1)mod M ’

From Egs. (3) and (8), Hy = (I% ® A)D is equivalent to
H® =AD® ke Ty. (10)

Since the product of unitary matrices is also unitary, one
can easily see that C = Q,/(Iy ® A”")Hy is unitary if
A € U, holds. Thus, it suffices to show that there exist
A € Uy and {cy, di}Ey? satisfying Eq. (10).

Substituting k = 0 into Eq. (10) gives H® = AD©),

i.e.,
ap a do dl _h() hl
by bi||0O O g &1
where we use cy_» = cy—1 = 0, which follows from

Eq. (8). Since A is unitary, dy, di, ap, and b, are expressed
by

do=YR, di=sdy, ap=hody", bo=gody'(11)

where R = +/|ho> + |go|* (note that R > 0 holds from
Eq. (6)), v is a complex number with unit modulus, and

s =hy'hy if hg # 0, and s = g;'g; otherwise.
Substituting k = L — 1 into Eq. (10) yields H*D =
ADED e,

ap aif| O 0 | _|hora hor

bo bi||car-4 213 g2 81|
where we use dy— = dy-1 = 0, which follows
from Eq. (8). Let R' = +/lhar—1|* +|g2r-1> and R” =
VlIhar-* + 1821217, In the case of R" # 0, ¢21-3, Cor-4,

ay, and b; are given by

3 =YR, ¢4 =scy s,
ap = h2L71C5L1_3, b = 82L71C£L1_3, (12)
where y’ is a complex number with unit modulus and
s = thl_]th,z if hpp 1 #0, " = g;Ll_]gZL,z otherwise.
In the case of R” = 0 (in which case R” # 0 holds from
Eq. (6)), c21-3, c21-4, a1, and b; are given by
cr3=0, cug=7"R",

-1 -1
ay = hypocy; 4, b1 =205 4, (13)
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where " is a complex number with unit modulus. Note
that y, 7/, and y” can be any complex number with unit
modulus.

From Egs. (11), (12), and (13), we obatin A, D, and
DYV From A € U, and Eq. (10), D® with 0 < k < L—1
can be obtained from D® = A"'H®_ from which we
obtain C.

To complete the proof, it suffices to verify A € U,.
(Note that if A € U, then C = [(Iu ® A0yl "Hy €
Uy, obviously holds.) Since Hy € Uy holds, we have
HLHM = Iy. Substituting Eq. (3) into this equation and
using M > 4L - 2, we have [HO]'TH'D = 0,, which
gives hyhar1+g4820-1 = 0. From this equation, we easily
verify ATA = I, i.e., A € U,. [}

Note that the transform matrix W given by Eq. (5)
corresponds to the QOWT based on a pyramid algorithm
(PYA). The QOWT based on a packet algorithm (PAA),
whose transform matrix Wpaa is given by

Wean = Wz Wz, -+ W,

W, = In/n, ® (Iy, Hy,),
can be implemented more efficiently than based on a
PYA, while PYAs are more commonly used than PAAs in

classical signal processing. Our results also readily apply
to an efficient implementation for a PAA.

A. Example

As an example, we show the decomposition of the
transform matrix Hy, of the so-called Coiflet-6 wavelet
[8]. This matrix has L = 3 and the scaling and wavelet
filters with

hy = —0.072733,
hs = 0.384865,

hy = 0.337898,
hy = —0.072733,

hy = 0.852572,
hs = —0.015656,

and g, = (~1)'hs_, (t € Is). H® of Eq. (4) is

o _ [~0072733  0.337898
~|-0.015656 0.072733|’
0 _ [0-852572 0384865
7 0.384865 —0.852572|
g _ [-0.072733 -0.015656
~ 0337898 0.072733

HY =0, ke(3,....M/2—1}.

Theorem 1 says that Hy, with M > 10 can be decom-
posed as in Eq. (7). From the proof of Lemma 2, we
obtain

Ay

[—0.977609 —0.210431
-0.210431  0.977609

A [0:935414  0.353553
1710353553 -0.935414]

A= 0.977609  0.210431
0710210431 -0.977609|

Indeed, H)y; can be decomposed by Hy = (I u ®A)OuC
[see Eq. (8)], where C is expressed by Eq. (9) with

cO - 0.196840 —0.914469
0.074398 —0.345637|’

ch = 0.345637  0.074398
" 1-0.914469 -0.196840|"

CP =0, ke{2,....,M/2-1).

C is also decomposed by C = (I ®A2)QM(I% ®A)).

IV. IMPLEMENTATION OF UNDECIMATED QWT's
A. Formulation

We now turn our attention to the UWT using the same
scaling and wavelet filters as in an OWT (for details see,
e.g., [2]). For each scale £ € Iz, the UWT calculates
the scaling coefficients s“*! and the wavelet coefficients
w¢*D using the following equation:

2-1 201
(-f‘*'l) Z (f) (f+1) Z
15406 &S k+2ft’
ke IN,
where s©@ = x. In the UWT, stV and w®*D are

undecimated and belong to CN, whereas in the OWT these
coefficients are decimated by a factor of two [see Eq. (1)].
The output of the UWT is [wT ... w®T s&TT ¢
CNE*D_ The UWT has the advantage of being shift-
invariant, which means that if [wVT .. . w®T ¢&TT
is obtained by the UWT of the input signal x, then
[ijw(')T, o ijw(E)T, Q]T\,s(E)T]T is obtained by the UWT
of Q,TVx, where

.
Qj\,x = [Xn-1, X0, ..., Xn-2] .

Shift invariant property is well known to provide good
performance in various signal processing tasks. The uni-
tary transformation represented by the transform matrix
of the UWT is called a quantum UWT (QUWT).

At each level &, the undecimated transform is expressed
by

1
nE = g 5©

q \/i £7q
1
(&+1) (f)
0y = 75 e (14)

for each g € 75, where

&+ ._ (f+|) (f+|) (&+1) &+ (E+D (&+1)

ng = Wa S e Woies Sy e Wy gens - - -
(5) (§) (€3] T
=847 806 Siner -]

ng’&l)"];ils),sf) € CNe holds. Equation (14) can be

rewritten as
'lffm . [s@]
ey | =Hon |7 |,
1 UV

q+2¢

)

5)



Fig. 3. Quantum circuit for W.

where X; and X, are any square matrices of order Ng
such that Hyy, € 'LIZNf.

B. Implementation of QUWTs

Since the output of QUWT, [wDT, . w&T s&TT ¢
CNGE+D hag N(E + 1) elements, we can assume, without
loss of generality, that the QUWT operates on ne :=
[log, N(E + 1)] = n + [log,(E + 1)] qubits, where [x] is
the smallest integer that is not less than x. Let Ngy := 2",

The QUWT is represented by the unitary matrix W €
Uy,,, whose input signal is ¥ = x ® Oy, _y € CVex. After
some simple computation, we can see that W is expressed
by

W= Wz Wz --- W,
where

_ {r?r@)r“)cbg, E<E-1,
=

reoro,, E=E-1,
1Y =T, ® Iy @ I,
'Y =R Iy,
'Y =Ty & Ir,
O = e ® Hon, @ I (16)

and E := Ny — 2N. R € CNoNe (Ng := N /N) denotes
the permutation matrix whose (j + 1,k + 1)-th element is

oro, Jj=0,
Rj,k = 51(,_,'_'.], 0<j<NR—1,
Ok1,  j=Ng-—1

The scaling and wavelet coefficients are obtained by
the matrix @z € CNewNes, Y 1@ r® ¢ cNexNe gre
permutation matrices, which are used to rearrange the
coefficients. Similar to W, W is also completely char-
acterized by the set of matrices {H®}i~). The QUWT
with the transform matrix W can be implemented in the
quantum circuit shown in Fig. 3, where the circuit for W_g
is shown in Fig. 4. As an example, Table I shows ¥, Wox,
W, Wo%, and W% = WoaW Wy for N = 8 and E = 3, in
which case Nex = 32 holds. From Eq. (16), if there exists
an efficient implementation for @, (i.e., I:IzNE), then the
QUWT can be efficiently implemented.

11

. O 1 1®
Poe <
G-t o1 = ———0— R

I — i B

qn—f —‘— .

In-c1—H L

g% — U

e Hhy, weoeeeeeeseees :
Tt — 1
g {0 Ol | Hy | L *
qo0 = -

Fig. 5. Quantum circuit for I:IZNf.

We show that ®; can be implemented with a com-
plexity of O(nex). Let us substitute X; = HNgQ}vf and
Xp = —Hy, into Eq. (15); we obtain

_ 1 Hy, Hy, Q]
H2Ng = — ¢ €N .

V2 Hy.On,  —Hy,

We can easily verify FIZN; € Uy, I:IZNE can be expressed
by

oy, = (b ® Hy)(Q}, ® In)(M & Iy)(Qn, @ I,),

where M = \/Li [{ _11]. Thus, FIZN& can be efficiently
implemented as shown in Fig. 5, which implies that @,

can be implemented with a complexity of O(ny).

V. CONCLUSION

We proposed an efficient implementation of any
QOWT and its undecimated version. The main result of
this paper is that the block circulant matrix Hy, can be
decomposed into L—1 permutation matrices and L single-
qubit unitary matrices, which allows us to implement
the QOWT with a complexity of O(n). We also showed
an implementation of the QUWT with a complexity of
O(7ex)-
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TABLE I
THE QUWT For N = 8 AND E = 3.

rows
1 23 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32
X |xp X1 X2 x3 x4 x5 x¢ 7 O O O O O O O O O O O O O 0 O O o O O O O O O0 O

Wox sgl)sél) sgl) 3(61) 00 0 O s(ll) 5(31) sgl) s(71> o 0 0 0 0 0O O O O O O o ng) w(zl) wy)wg) w(ll) wgl)wgl) w(71)
Wi Wox s(()z) sf) 0 0 s(zz) s(ﬁz) 0 0 5(12) s(sz) 0 0 5(32) sgz) 0 0 w(()l) w(zl) wi]) wél) w(ll) wg]) w(Sl) w(7|) wgz) wiz) w(zz) w(ﬁz) w(lz) w(sz) W(}Z) wgz)

Ve |3 BB BB BB B b (D (D1 D) A ) D)2 (D) (2 (2, (2, 2 2 2 3 3 3 B, 3 3 3 (3)
Wx 60 S4 S2 ‘36 .Sl SS S3 S7 WO W2 W4 W6 Wl W3 W5 W7 W0 W4 W2 W6 Wl W5 W3 W7 W() W4 W2 W6 Wl W5 W3 W7

vectors
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