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Abstract—This article concerns the Belavkin-weighted
square-root measurement (BWSRM) for binary pure state
ensembles. For given weights of the BWSRM, a closed-
form expression of the state distribution that makes the
BWSRM Bayes-optimal is derived. Conversely, a closed-
form expression of the optimal weights of the BWSRM is
derived for given probability distribution of the states.

I. INTRODUCTION

It is well known that quantum detection theory plays
an important role in quantum information science [1], [2].
This fundamental theory involves various types of deci-
sion strategies such as the Bayes strategy (which seeks
the optimal measurement to achive the minimal average
probability of error — or more generally, the minimum
average cost for decision — when prior probabilities of
the states are given), the minimax strategy (which is used
when the prior probabilities are unknown), and so on. The
development of quantum detection theory was initiated by
the pioneering works for establishing the Bayes strategy
in the framework of quantum measurement, which were
led by Helstrom [3], Yuen [5], [6], and Holevo [4]. In
parallel to their works, Belavkin introduced a constractive
method for finding quantum measurements [7], [8]. To-
day, Belavkin’s works related to this method is recognized
as early studies of the square-root measurement (SRM).

The family of the SRM [7], [8], [9], [10] provides
useful tools for analyzing various problems appeard in
quantum information theory (e.g. [11], [12], [13], [14],
[15], [16], [17]). In particular, the SRM is one of key parts
in the proof of the quantum channel coding theorems
[10], [18], [19]. The family of the SRMs is classfied into
several subgroups. In this article, we call a measurement
scheme given by the original description of Belavkin’s the
Belavkin-weighted square-root measurement (BWSRM)
(See [20]), and a simplified non-weighted one the SRM
simply.

The basic properties of the family of the SRMs have
been investigated by many authors so far (e.g. [20], [21],
[22], [23], [24], [25]), in which the main topics are its
asymptotic behavior and its relation to the Bayes strategy.
As for the relationship between the BWSRM and the
Bayes-optimal measurement, which is defined to be the
optimal measusmrent for achieving the minimal average
probability of error when the prior probabilities of the

states are given in this article, some remarkable results
related to the optimal weights of the BWSRM for given
probability distribution of the states [23] and the optimal
probabiliy distribution for given weights [20], [25] have
been reported. However, almost results are given in a
general description, not in a concrete case. By this reason,
we aim to give a small concrete example in this article, so
that the case of binary pure state ensembles is considered.

II. SQUARE-ROOT MEASUREMENT AND BELAVKIN
WEIGHTED SQUARE-ROOT MEASUREMENT

Suppose {|t,) : m =1,2,..., M} is a collection of
M linearly independent pure states. For each state [t,,),
we assign a prior probability p,, > 0. The collection of
pairs (|1m), pm) forms an M-ary pure state ensemble E.

The SRM II° for £ is defined as follows [9]:

IT° = {12, = |pS ) (ul,| :m=1,2,..., M} (1)

with
M —1/2
|u$n>:<§j|we><w|) n) @
=1

Let w,, > 0 for m = 1,2,..., M. The BWSRM II*
for £ is defined as follows [7], [8]:
I® = {115, = |u ) (up| :m = 1,2,..., M} (3)

with

M —1/2
) = (Z we|¢e><¢£|> Vi [m). (@)
=1

III. BWSRM FOR BINARY PURE STATE ENSEMBLES

Suppose two non-orthogonal states |11) and |¢)9) are
given, in which the inner product of the two states is
(P1)1he) = %k with 0 < kK < 1, 0 < 6 < 27, and

7 = +/—1. The measurement vectors |u{) and |u3) of the

SRM II° for a binary pure state ensemble are respectively
given by

A%[ih1) + BT [a), @)
B°[1) + A%fpa), (6)

|u3)
l13)
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with

PO (S
) 1—r Vi+k

1+ V1 — k2
- 2(17}€2) I (7)
1 1 1
B° = et _
2° ( 1—«k \/1—|—/£>
1-V1_r2
= e[ ®)
2(1 — k?)

where * stands for the complrex conjugate. As ex-
pected from a general nature of the SRM, the set
B° = {|ug), |u3)} is a orthonormal basis of the space
Ho = span({|11), [1)2)}), because x # 1. Based on
this fact, the states can be represented in the basis 5°
as follows:

1) = C°lu3) + D" |us), )
[2) = D°|ui) + C°lu3), (10)

with
Cc° = %(x/lT-HM), (11)

D° = —%eﬁ(\/l—kﬁs—\/l—m). (12)

From these expressions, the corresponding density oper-

ators p1 = Y1) (11| and pa = |th2) (12| can be written
as

o= CO?u)(uS| + CoD°| ) (s
+C°D°*|u§>(u‘1’| + |D°|2|u§>< 3|

L VIR oy s+ —|u1>< 5

Ke 39 1—+V1—&

+——[u3) (B3] + 5 Iu§></¢§|,

13)

p2 = |ID°Pluf){pil + C°D°|uf) {us]
+C°D°*|M§><ui’| + COQIMSMMSI
11—
2

ke 79
+ g s+

|M1><#1| + = ‘#1><H2‘
e
l2) (p3]-

2
(14)

Hence the sum of the density operators — the Gram
operator — is

G = [1) (1] + [h2) (e
= ) (ps] + re?|pS) (s
+re | us) (s + [1s) (3]
(D[ B3|+ (Wrlb2) [pT) (e
+(W2lth1) [pu3) (pr] + (P2|the) |1

2
2) (sl
15)

which explains that the matrix representation of G in the
basis 3° is

R 6
[Glse = { . ] . (16)

On the other hand, the measurement vectors |u9) and
|3) of the BWSRM I7° for a binary pure state ensemble
are respectively given by

ln3) = Allv1) + Blv2), (17)
lu3) = B3l1) + A3lia), (18)
with
o - V(= &2)wy + g
. _
VI =2\ fwn +ws +2/(T— #2)wrws
_ V(= E)q + /32 (19)
VI 1420 g
B* = _eijeﬁ\/@
L VTR ot w4 2T s
- SN L)
V 1-— K}z\/l + 2\/ (1 — /{2)(]1QQ
Bo _ 76J9H\/F1
B Y N e et
_eJ@K\/(H
= , Qe
AV 1-— I‘i2\/1 + 2\/ (1 — HQ)Q1QQ
e VWi + /(1 = K2)wy
. _ Vv

V1-— /iQ\/wl + wy + 24/(1 — K2)wrwsy
_ Var + /(1= K2)ge 22)
V31— KQ\/l +2/(1 - k%)q1q2

where ¢, and ¢, are defined by
w1 w2

S — 23
q1 —— q2 P (23)

The vectors |¢$) and |p$) form another orthonormal basis
for Ha, B° = {|u}), |p3)}. Therefore, we obtain another
representation of the states as follows:
[y = CTlul) + Dilps), 24)
) = Dilut) + C3lus), (25)

with
cr o= v+ V(L Rws
\/wl + wo + 24/(1 — K2)wiwe
_ Vi + /(1= K2)ge 26)
Ji+2/T-ae
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—0
D! = e ry/w2 Therefore, the weighted sum of the density operators with
\/w1 + wa + 2¢/(1 — K2 wiw, weights w; and ws is
B LN o wipr +wape = wi[p7) (K]

+e’ ky/wiws |p3) (3]
+e P ky/wiws |pg) (]
+wa [p3) (13|

NN

Dy — ok /w1 = Vwr(¥nlgn)var |us)(us]
Vs +ws + 201~ &2, VWL (W [v2)v/ws 1) (3]
T Vs (o) [p3) (i
= (28) Vw2 (V2|2) /s [p3) (3]

NN =

(32)

This means that the matrix representation of the weighted

e (1= k2w, + /iy sum of the density operators in the basis 3° is
2 = 50
. R w e’ k\/wiw
\/w1 +wg +24/(1 = £2)wiwy [w1p1 + wap2]pe = e*ﬁm/lwlwz W o
1 — k2
V- r)a+Va 29 (33)
\/1 +2¢/(1 = K?)q1g2 Comparing the system of Eqgs. (9) and (10) with that
of Egs. (24) and (25), we have the following rules for the
Then the density operators p; and po can be written as change of cordinates.
~ ° ° ° ®ex| e ° ® = FElus F*lu 34
o= CElut)(utl + CrDY s i) ) o
+C1 DR |u3) (3] + 1D 211a3) s sl = El Bl (39
(wl—I—(l—/ﬁ)wg ) and
— 2
- 2y Z”w2 ) ) W) = Elut) - F'lps), (36)
e A 13) = Flut)+ Elus), 37
ek (\/1 — kZwy + ,/wlwg)
+ Tt 2 ) 125 (13] where
w1 + wo \/ — K wlwz
V1 V1-—
+e —99 (\/1—ﬁ2w2+\/u)1w2)| . () E = —Hi; r
wy + wo + 24/ (1 — k2)wywsy 2 VW1 + /W03
T tw +2K\/wi Hwa“/’Z il \/w1+w2+2V L= r2)ww,
1 2 - 1W2
(30) _ \/1—|—K‘,+\/1—H
and f—i— V& (38)
i ¢Hﬁwlfﬁm@
p2 = |D3I7|pt) (w3l + C3 D3|l ) (us|
+C3 D5 |3) (ui| + O3 |3) {3 P 6]9\/1+n—\/ -~
B k2w, | o
’(U1+’(U2+2\/1—I€2 wLw 2/141 Ml VW VW
+eJ9 (\/1 — k2w + ,/wlwg) ) (3] \/wl + wa + 2y/(1 — K2)wiwe
1) \H2

w1+ ws + 2/ - =2)wrws
LR VTR ¢ )
wy + wy + 2/(1 — K2)wiwy 2 \F Va2 (39)

( (1= K2)wy + wy > \/1+2\/ 1—r2)q1g2
+2v (1 — R?)wrws 1) (3] From the rules mentioned above, we see that the SRM

wy 4 we + 24/ (1 — K2)wyws 2 I7° and the BWSRM I7°® for the same binary pure state
3D ensemble are identical if and only if w; = wo.

eﬁ\/l—f—m—\/l—n
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The average probability of error by the BWSRM 1I7°
for a binary pure state ensemble is

5 (prwa + pows ) K>

P?(p1, =
(P1, p2) wy + wy + 2y /wiws (1 — K2)

2
_ (P1g2 + p2q1)k (40)

14 2v/q1g2(1 — Ii2).

(cf. Eq.(14) of [20]).

IV. BAYES-OPTIMAL MEASUREMENT AND BWSRM
IN THE CASE OF BINARY PURE STATE DISCRIMINATION

Given (pi,p2), the measurement vectors |uP) and
|5) of the Bayes-optimal POVM 1% = {IIP =
B (B, I18 = |1B) (13|} can be directly obtained by
solving the eigenvalue problem of a subtruction form of
the two density matrix representations of the correspong-
ing pure states in an arbitrarily chosen basis accoding
to the literatures [1], [3]. Here we take the following
expressions of the vectors |uf) and |uB) by means of
the SRM vectors |1§) and |ps) :

) = unn|pS) + uia|ps), (41)
u5) = uz|pg) + uge|us), (42)
where
uir = A+(+OVI-w = Uz, (43)
\/2/12 +2(1+ ) AV — K2
Uy = U — _uly, (44)
\/2/12 +2(1 4+ AV — K2
and

A= /(1+()? - ACk?, ¢ =p1/p2. (45)

Substituting Eqs. (5) and (6) into Egs. (41) and (42),

WP = (u11A° 4+ u12B°)|¢y)
+H(u11 B +u12A%)[h2),  (46)
15) = (u21A® +u2eB°)|ty)

+(u21 B + ug2A°)1ha2). 47)
Further, Egs. (36) and (37) yield

WY) = (uirE + uiaF)|pt)
Hunn F* +uE)|ps),  (48)
13) = (u21E + ugaF)|p})

+H(—ua1 F* + usE)|p3), (49)

which are the expressions of the vectors |u}) and |ub)
by means of the BWSRM vectors |u}) and |u3).

The POVM 1% = {|uf)(u?], [u5) (12|} of course
provides the well-known formula of the minimum average
probability of error for the discrimination of two pure
states in accordance with the Bayes strategy [1], [3]:

= 1
PP(prp) = 5 (1= VI—dpiper?) . (50)

2

This is independent from the choise of the basis to express
the vectors |uf) and |uF). Letting

1 € 1 €
= — —_ —_ - — — 1
nm=5+ts P2=5-% (51
with —1 < e < 1, Eq. (50) is arranged to the form
_ 1
PP(e) = 5 (1 /11— 62);@2) . (52

A. Case for given (wi,ws)

According to Mochon [23], the probability distribution
that makes the BWSRM Bayes-optimal is formaly given
by

p C
Pm = M —-1/2 ’
Wnl (S0 welbed(el) " )

(53)

where C is a constant for normalization.
For a binary pure state ensemble, the optimal proba-
bilites are given by

vo| >
o | >

(54)

3
S
I

DN | =

+

DN | =

=
with
V1—k2(wy —wsy)
V1= k2(wy + we) + 2/ /wiws
V1 —K2(q1 — q2)

— . 55
V1— K2+ 2,/01¢2 )

In fact, this distribution (pf, p,) for given weights w; and
wo analytically leads to

U1 E + w9 = —uo1 F* +ugpE = 1, (56)
—un F* +uplE =unE+uxpl = 0, (57)
(See APPENDIX A) and hence
Wt) = 1ut),  lug) = Ius), (58)
for (pf,ph). Therefore, we have
P2 (py,p5) = P2 (P, p), (59)

as expected.

Here let us verify Eqgs. (54) and (55) numerically. Fig.
1 shows the error probability by Eq. (40) with Egs.
(54) and (55) at Kk = 0.3 and 0.7, together with the
corresponding minimum average probaility of error of
Eq. (50). Fifty random samples generated from Egs. (40),
(54), and (55) are plotted for each &, in which w; and wq
are independetly chosen at random in the range (0, 100].
A solid line is drawn by Eq. (50). All sample point is
just on the mimimum average probability of error, which
illustrates the optimality of p} and p), when wy and wy
are given.
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Fig. 1. Case for given (w1, w2). k = 0.3:top. K = 0.7:bottom.

B. Case for given (p1,p2)

According to the literatures [20] and [25], the optimal
weights for given dstribution of the states are given by

Why = (W |3 [m) P2, (60)

For a binary pure state ensemble, we have

TG — 22

o= (G ) e
1 1 — 2(K?

g o= G+ )R @

Like in the previous case, these weights w) and w) yield

) = Dy s ) = 1)y (63)

and

-Pe.(plap2)| :PeB(plap2)7 (64)

when (p1,p2) is given.

Fig. 2 shows a numerical calculation result of the error
probability by Eq. (40) with Egs. (61) and (62) at k =
0.3 and 0.7, together with that of the minimum average
probability of error of Eq. (50). Fifty random samples are
plotted for each k. This illustrates the optimality of w}
and w) when p; and ps are given.

’ ’
wh,wh

V. CONCLUSION

We investigated some relationship among the square-
root measurement (SRM), the Belavkin-weighted square-
root measurement (BWSRM), and Bayes-optimal mea-
surement in the case of binary pure state ensembles.
Based on Mochon’s result, a closed-form expression of
the state distribution that makes the BWSRM Bayes-
optimal was derived when the weights of the BWSRM
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Fig. 2. Case for given (p1,p2). k = 0.3:top. £ = 0.7:bottom.

are given. Conversely, a closed-form expression of the
optimal weights of the BWSRM was derived when the
probability distribution of the states is given, with the
help of the preceding works by Tyson and by fuczak and
Wieczorek. These results give simple concrete examples
of relation between the BWSRM and the Bayes-optimal
measurement. More general analysis for seeking closed-
form expressions such that for multiple state cases having
more than three states ramains for future work.
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APPENDIX
A. Outline of the verification of Egs. (56) and (57)

Both (57) and (56) can be obtained from some lengthy
but straightforward algebra. Here we give a brief ouline
of the verification of Egs. (56) and (57).

First let us consider Eq. (56). Substituting Eq. (55) into
w11 F+uqoF and —ugy F* 4199 F, which are coefficients
appeared in Egs. (51) and (52), we have

un B 4 upF = —ug F* + upk = é\)ia
where
M = (V1+k+V1—k)
(1 + /1 — (1 — A2)x2)
X (/5 + /53
—k(V1+£K—+V1—k)
x (1= A)ywr + (1 + A)y/ws),

Dy = 2V2(1—(1-AYk2)!
X\/\/17H2+\/1*(17A2)I{2
X\/IUl + wg + 24/ (1 — K2)wiws.

After lengthly algebra, we obtain

J\i V1i+r+V1 _q

Dy 24 2v/1 — K2

In the middle, we have used the following facts to
simplify the form of N7 /D;:

2
(\/ 1—r2(wy + w2)2,/w1w2)
—4/@2«/w1w2

x(\/l ~ 2wy + wo) + (2-@@)
— (\/ 1—k2(wy +ws) +2(1 — KQ)\/M)Q
and V1 — k2(wy 4+ w2) + 2(1 — %) /wiws > 0.

Next we consider Eq. (57). Substituting Eq. (55) into
—u11 F* w12 F and ugy F+wao F, respectively, we have

o (—ui F* +uppB) = e % (us1 B + waF) = %7
2
where
No = Ar(VIFR+VI=R) (Vi + ving)
~(VItr- M)
( 1—kr24+/1—(1-A?)x?)

FF)

1 — A2
Dz = M\/ T
X\/wl + wy + 24/(1 — K2)wyws.

Since 0 < 1 — A% < 1, we observe Dy > 0. Therefore,
our task is to verify whether N5 vanishes or not. But, the
straitforward calculation yields N5 = 0.





