ISSN 2186-6570

Homodyne measurement with angle ¢ rotation
and its application to the detection of squeezed

state signal

Kentaro Kato

Quantum Communication Research Center,
Quantum ICT Research Institute, Tamagawa University

6-1-1 Tamagawa-gakuen, Machida, Tokyo 194-8610, Japan

Tamagawa University Quantum ICT Research Institute Bulletin, Vol.12, No.1, 15-27, 2022

©Tamagawa University Quantum ICT Research Institute 2022
All rights reserved. No part of this publication may be reproduced in any form or by any means
electrically, mechanically, by photocopying or otherwise, without prior permission of the copy right

owner.



Tamagawa University Quantum ICT Research Institute Bulletin
Vol.12 No.l : 15-27 (2022)

15

Homodyne measurement with angle ¢ rotation
and 1its application to the detection of squeezed
state signal

Kentaro Kato
Quantum Communication Research Center,
Quantum ICT Research Institute, Tamagawa University

6-1-1 Tamagawa-gakuen, Machida, Tokyo 194-8610, Japan
E-mail: kkatop@lab.tamagawa.ac.jp

Abstract—Homodyne measurement with angle ¢ rotation
is considered in the scenario of quantum communications.
First, some essential characteristics of the homodyne mea-
surement with angle ¢ rotation are investigated in the cases
of coherent and squeezed states. Second, the homodyne
receiver with angle ¢ rotation is applied to the signal
detection problem of binary squeezed state signal.

I. INTRODUCTION

Homodyne measurement is one of the effective tech-
niques to detect light. The references [1], [2], [3], [4],
[5], [6] are early discussions on the quantum mechanical
treatment and the analysis of homodyne measurement
in the scenario of optical communications and precision
measurement of light. In quantum state tomography ([7],
[8], [9], [10], etc.), homodyne measurement is essential
in realizing it.

The squeezed state (once called the two-photon co-
herent state) is one of the fundamental states of light
([11], [12], [13], [14], etc.). From the viewpoint of
quantum information science, the squeezed states possess
several potential applications. For example, the reference
[11] pointed out that the transmission source and the
ideal amplifier for optical communications are valuable
applications. Early discussions on these issues by the
first generation of quantum information scientists can be
found in the references [2], [3], [4], [13], [15], [16]. These
issues have recently returned to the spotlight, and more
advanced research reports have emerged. For example,
the references [17], [18] discuss the basic properties of
the squeezed state-based quantum communication sys-
tems with phase-shift keying signal format. In addition,
the references [19], [20] report some propagation char-
acteristics of the squeezed light in fog toward future
applications such as free-space quantum communications
and quantum-enhanced target detection.

This paper discusses homodyne measurement with an-
gle ¢ rotation and how to apply it for detecting squeezed
state signals in the scenario of quantum communications.
Suppose that M-ary phase-shift keying squeezed state
signals are prepared, and the signals are divided into A /2
pairs, each consisting of the signals apart from 7 radian.

The problem treated in this paper is the discrimination
of the two signals in a pair by the homodyne receiver
that consists of a homodyne measurement scheme and
appropriate decision-making rule for signal detection.
At that time, the measurement angle in the homodyne
receiver must be adjusted according to the target pair
to avoid performance degradation due to a mismatch of
the signaling phase and measurement angle. Therefore,
we first investigate some essential characteristics of the
homodyne measurement with angle ¢ rotation in the cases
of coherent and squeezed states. After that, the homodyne
receiver with angle ¢ is applied to the detection problem
of binary squeezed state signal.

II. HOMODYNE MEASUREMENT WITH ANGLE ¢
ROTATION

A. Coherent state case

For a single mode of the field with the annihilation
operator & and the creation operator af, define the ob-
servables X. = (af + a)/2 and X, = j(al — a)/2,
where 7 = \/—1. These observables obey the relation
[Xe,X,] = /2. The eigenvectors |z.) of X. (ie.,
X.|z.) = x|z.)) form an orthonormal basis {|z.)}
of the Hilbert space corresponding to the mode under
consideration. Similarly, {|zs)} is an orthonormal basis.
The z.- and zs-representations of the coherent state
|a/)con of complex amplitude ' are respectively given
as follows (p.127 and p.255 of [1]):

1/4
2
(Te|aYeon = () exp[—2? 4 20’z
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(xs]aYeon = - exp[—zZ — 290/ xs
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Therefore, the probability density function (PDF) of mea-
surement outcome x. by the projection-valued measure
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Fig. 1. Coordinates (X¢, Xs) and (X,Y")

{Jzc) (x|} and that of x4 by {|zs)(zs|} are respectively

given [1] as
2 o* +a'\?
\/;GXP[Q <xc - 2) ]7 (3)
\/5 5 o — o/ \? 4
Zexpl-2 (o)) )L @

Next, define the observable X4 = (afe’? 4 ae7?)/2,
X = X¢ and Y = X¢+7,/2, where ¢ is real. The com-
mutator of X and Y is [X,Y] = 7/2. The geometrical
relation of the two coordinates (X, Xs) and (X,Y) is
illustrated in Fig. 1.

Let |z) and |y) denote eigenstates of X and Y, respec-
tively. A simple way to find the z- and y-representations
of coherent state |a)coh is to use the rotation operator
R(¢) = exp|— —jpata). Since R(¢)XRT(¢) X., the
eigen equation X (RT(¢)|z.)) = x(RT(¢)|zc)) holds.
Therefore,

placla’)

plasla’)

(alaeon = {rel2(6)D(a)0)
= (@|D(e7?a)RT(9)[0)
= (2 ID( “%a)|0)
= (wcle” >c0h7 (5)
where D(a/) = explo/al — o/*@] is the displacement

operator with complex amplitude o € C. Similarly,

<y|a>coh = <ms‘ae_]¢>coh (6)
from R(¢)Y Rf(¢) = X,. Therefore,

9\ 1/
(]a)eon = (F> exp[—ac2 + 20 %y
1,5, -
—§|a|2 — §a2e 291 ()
9\ /4
<y|a>coh = (7‘(’) eXp[_y2 - 2jaeij¢y
1

1,
—§|a|2+ 2a e 9. (8)
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Fig. 2. Homodyne of coherent state. (1) measurement angle. (2)
probability density function. ¢ = 0°:rred, 30°:orange, 60°:pink,
90°:green, 120°:magenta, 150°:blue, 180°:purple. Dot in (1) stands
for the complex amplitude o = 6.

Note that Eqgs. (7) and (8) can be derived directly from
the following differential equations:

%<x|a>coh 2(ae_]¢ — z)(z|) con, )
0 x
oy Wlaean = 2(ae ™3 — y)(y|a)con, (10)

which are established by evaluating (x|d|a)eon and
(y|a|a)con, respectively.

From the z-representation (z|c)con, the PDF of out-
come x by the projection-valued measure {|x)(x|} is

plzla) = [{zla)conl?

2 _
= \/;exp[—2 (1' - Xcoh)2]7 (11)

where the mean and varicance are

- e?a* +e % 1
Xeoh = 9 O—g(,one,coh =1 (12)

The PDF of y by {|y)(y|} is



plyla) = [yle)eon|”
2 — 2
= |/ —exp[-2 (y—Yeon) ],  (13)
where
Pt — e 1%y 1
Yeon = ]f7 U%’,one,coh = Z (14)

The means X, and Yiop depend on the measurement
angle ¢, while the variances ogg one,con and 0)2,70118’(:01]
are independent from ¢. Fig. 2 shows p(z|a) for some
measurement angles at a = 6.

For the coherent state case, Robertson’s inequality [21]
is satisfied with minimal uncertainty, independent from ¢:

ag(,one,coho—%’,one,coh = E = Z‘ Xv ]‘ . (15)

B. Squeezed state case

Let |3; p,v) denote a squeezed state having complex
parameters 3, u, and v, where |u|? — |v|? = 1 (Basic
properties of the squeezed states are summarized accord-
ing to the reference [11] in Appendix A).

The following differential equations are obtained by

evaluating ([b|3; 1, v) and (y|b|B; 1, v):
(8- Avlole) (@18: )

0
- *A7[¢]§<$Iﬁ;uw>a (16)
(8- Aslo+ Sly) wlBs )
1 w0
= A-lo+ glaywlﬁ;uw% (17)
where
A_[¢] = pe?® —ve 1%, (18)
Aflp] = pe?® 4+ ve?? (19)

(See also Appendix E). Solving the differential equa-
tions, the z- and y-representations of the squeezed state
|B; u, v) are respectively given as

()8 p, v) /
N4/ e \ /2
B (w) (AA_[Eﬂ])
o, 2
<exp |G+ Tt
—éﬂﬁ—jﬁgﬂﬂ, 0)
(y|B; m, v) /
N4 /o \ /2
(")
_[4] 5 2
“Xp{‘mﬂy I
—*\/é’l2 ! A*Eﬁﬂ Q1)
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The PDF of outcome x by the projection-valued mea-
sure {|z){x|} for the squeezed state |3; u,v) is

1 — Xoq)?
7@(1)[—(%27(1)]7 (22)
A /27ro'§{’0ne,sq 20X,one,sq

where the mean and variance are

p(z|B; p,v) =

Ko = AEEALE
Fromesa = 314101 (24)
Similarly, the PDF of y by {|y)(y|} for |B; s, ) is
p(yl,@;uw)=mexp[ gyayiiq]’ (25)
where
AR
Fromosa = 7145111 @7)

All of the statistics (23), (24), (26), and (27), depends on
measurement angle ¢ in the squeezed state case, while
only the means depend on in the coherent state case.
Here, let us evaluate Robertson’s inequality. If the
state parameters ; and v and the measurement angle ¢
satisfy the relation pe’® = cre™¢ with a real number
¢, the condition |u[? — [v|* = 1 is replaced to the
conditions (¢ — 1)|v|> = 1 and |¢| > 1. Once pe’® =
cve™? holds for a real number c, then pe/(®+m7/2) —
(—1)"cve=(@+m7/2) for an integer m. Even in this case,
(¢ — 1)|v|> = 1 still holds. Under these conditions, the
equality of Robertson’s inequality is established:

2 2
UX,orle,quY,011e,sq

= LA A el

16
1 T2 T2
= T6|A_[¢+m§]| |A+[¢+m§]|
1, op g L 1o o2
= @D = = XY @)
The variances are
1 ¢c—1
2
J— [ 2
CTX,onc,sq 4 C—‘rl’ (9)
1 c+1
U%’,one,sq - Z'C—l. (30)

If ¢ > 1, then 0% 00y < Ovone.sq: Conversely, if ¢ <
—1,then 0% 1 oo < T one.sq- NOW, suppose the relation
pe’® = cve™% holds for some ¢ > 1 at measurement
angle ¢. Take the measurement angle ¢ + mn/2 + 7/4,

9 1 2+ 1 2
aX,one,sq 4 CQ B 1 Yone ,8q°

To illustrate the property of the uncertainty product

2 2 —
OX one,sq7Y,one,sq cONCretely, assume that o = cosh r and

€29
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v = e*%asinhr, where 7 > 0 and —7/2 < 654 < 7/2.
Under this assumption,

2 2
UX,onc,squ,onc,sq

= A IPlA )

1
= — (cosh4 r + sinh* r

16
—2c08[4(fsq — ¢)] cosh® r sinh? r). (32)

A typical behavior of the product of variances is shown
in Fig. 3. If 63, — ¢ = mn /2 for integer m, Robertson’s
inequality is satisfied with minimum uncertainty:

1 1

U§(7one,sq032/7one,sqlgsq_dg:mﬂ-/g = E = Z [X’ Y] 2.
(33)
Further, the ratio of the variances is calculated as
0%’ one,sq 4 : 4
- = (cosh r + sinh™ r
UX,one,sq

—2cos[4(0sq — ¢)] cosh® rsinh? r)
/ (cosh[?r]
— c08[2(0sq — 0] sinh[2r])2. (34)

This ratio is illustrated in Fig. 4, and one can observe
that

1 1
2 _ —2 2
JX,one,sq - Ze "< JYone ,8q 46 " (35)
for 6q — ¢ =0, £,
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Fig. 5. Balanced homodyne measurement with angle ¢

Fig. 5 shows a physical set-up of {|z)(x|}, which is
known as the balanced homodyne measurement [5]. In
this scheme, the input-output relation of the half beam
splitter (HBS) is assumed to be

ay = (a1 —a2)/V2, (38)
(a1 + a2)/V2. (39)

The photo current I; is proportional to the photon number

d'fa’l Hence we let [, = afal, assuming the quantum

efficiency is unity. With the same reason, I = &gaz

Therefore,

A~
as

I=1I,— 1) =alay + anal (40)
and
2 = al%a3 +a2al?

+ala, + 2a1a1a§a2 +abag.  (41)
When the input state of port 1 is the squeezed state

|tb1) = |B; u, V) and the local oscillator at port 2 is |1)2) =
|(A/2)e??)con with A > 0, then

I = (I
L AT eaids g,
B o= () {0y
= AQXEM_[(?H + 0
~ A Ha_gl (43)



where 77 = |u*B — vB*|? + |v|*> and where the ap-
proximation holds for sufficiently large A. Re-scaling
these statistics with A, I — Xiq and X7 = 0% jucaq-
Thus, the balanced homodyne captures the mean Xgq
and variance ag(yoncﬁsq for the observable X when the
oscillator phase is ¢ rad.

When the local oscillator light is changed to |¢9) =

|(A/2)e?(®+7/2)) 1., the average photo current and its
variance are given as

Ay [o)B" — A (o)
2 b
g (45)

I = Axy

(44)

o7

Q

1
A? x Z’A+[¢]

for A > 1, where these are obtained by replacing ¢
to ¢ + 7/2 in Egs. (42) and (43) (Appendix E). Hence
I — Yiqand 7 — 03, ., by rescaling. Thus, the local
oscillator phase ¢ + m/2 provides the mean and variance
of the observable Y.

III. HOMODYNE MEASUREMENT FOR TWO
COMPONETS

The standard homodyne scheme for simultaneous de-
tection of two non-commutative components measures
XC and XS simultaneously, and it can be associated
with {|a)con{a|/m : a € C}, a positive operator-valued
measure (POVM).

In this section, a simultaneous detection scheme of
non-commutative components X and YV by homodyne
measurement with angle ¢ rotation is considered. Since

&:Xc—i—]XS :ej‘z’(f(—i-ﬁ}),

the main task in the following analysis is just a coordinate
change from (X., X;) to (X,Y) by angle ¢ rotation. In
other words, it means the corresponding POVM for the
simultaneous detection of X and Y~ does not change; the
POVM is {|a)con{e|/m : a € C}. Therefore, the PDF
of outcome (z,y) can be derived from the coordinate
change. It is given by

p(z,y|B; 1, v)
1

/ 2
27TO—X,tvvo,qu—Y,two,sq 1- CXY

1
e [‘zu —Gy)
x{ (v — qu)Q 4 (y — qu)Q

2 2
UX,two,sq UY7two7sq

—2(xy

(z — Xoq)(y = Yao) }] 46)

0 X ,two,sq9Y,two,sq
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where
R = AL w
Ug{,two,sq = i(’A—[qﬁ] |2 + 1)’ (48)
Gy = S Lilels )
U%’,two,sq = i(’A+ [d’”z +1 ’ (50)
Cxy = A2 944 (9] — A_[¢] AL 4]
= 2 2 .
2,/ (14-161] +1) (|- +1)

(51

This can be arranged to the following form by means of
the covariant matrix:
p(@,y|B; p,v)

e — exp[—%(x — m)tK_l(X —m)],

2m/det(K)

(52)
where x = [z,y]", m = [Xyq, Yiq]" and
K11 Ky
K = 53
{ Ko Ko ] ’ &)
det(K) = KK — Ki12Ka, (54)
1 K - K.
Kil - 22 21 55
det(K) { —Ki2  Kn |’ 43
Kll = U%{,two,sm (56)
Ky = CXY X O X two,sq X OY,two,sq
= ([0 1] - 4915 19)
= K21a (57)
K22 = O'%/,twotsq' (58)
Iy Ix

HB’S
|0> | Aejd) > coh

Fig. 6. homodyne with angle ¢ for two-component detection

Fig. 6 shows a physical set-up of the eight-port homo-
dyne measurement. The input-output relation of the half
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beam splitters is assumed as follows (See also [22]):

i = %(al —ay), = %(al +ag), (59)
i — %(e@ _a), = \%(ag +ay), (60)
i = (=), = (@ + ). 6D
= @), i = =+ ). 6
where alj = e/™/2al, = jaly,. Moreover,
af = %(dl — Gy — 3 — G4), (63)
ay = %(—ch + 949 — a3 — Ja4), (64)
W = ntgaetay ). (69)
ay = %(al + Gy — 43 + a4). (66)

Photo currents at photo detectors are defined to be I =
aytay, I = ay'"aly', Iy = a4'a4, and Iy = a/f'aj. The
final output currents I x and Iy are

Ix = L—-1
N Ty O O
= 3 ajas + azar + aqaq + azaq
—alas — abas — alas — alag) (67)
and
Iy = I;—1,
757 TS PORS PUNPO
= ]5 (alag — G901 — G104 + Gy 07
—abas + atas —alay + alas). (68
903 4 Q3G — G304 + Gya3 ). (68)
Further.
7 1 2 ~T2
o= ;(ala3 +adal
+2alan + 2a}analas + 2alas + B ) (69)
and
. 1
o= - (a3 +ataf

—2alay — 2alarabas — 2ala, + }%),(70)

where the terms Rl and Rg vanish when the modes a3
and a4 are in the vacuum state |0).

When the state of port 1 is |3;u,v) and the local
oscillator at port 2 is [Ae??)co with A > 0, then

Ix = (Ix)

_ AXAf[aﬁ]ﬁ*;A’i[(b]@ 1)
Iy = y)

_ AXJA+[¢}6*7A1[¢]@ 72)

2

The variances and covariance of Ix and Iy are

o= (B - (k) )

- A2xi(y/1,[¢]\2+1)+%

~ Afxi(AA_M)HQ—i-l), (73)
5 = <112/>—1(Y>2 )

_ A2x1(|/1+[¢]|2+1)+%

~ A2 xi(|/1+ | +1), (74)
Sxy = (IxIy)— (Ix)(Iy)

= {5044 0] - A- 8110}

(75)

where 11 = |pu*8 — v3*|* + |v|? and where the approx-
imation holds when A is large enough. Re- scahng these
sta2tlstlcs by A, Ix — qu, Iy — qu, EX — aX tw0,5q°
Z — Utho 5q° and Exy/(zxzy) — CXY
IV. DETECTION OF BPSK SQUEEZED STATE SIGNAL
Consider a binary phase-shift keying (BPSK) squeezed
state signal:
|signal 0) = |-B;u,v), (76)
signal 1) = |[B;p.v). (77)
Applying the homodyne measurement corresponding to
{|z){x|}, the means of p(z|signal b), b =0, 1, are
A_[9]8" + A* [¢]8

Xi = 5 =X (78)

and the variances are
o} = %MW =a. (79)
The signal-to-noise ratio (SNR) is defined by
(A_[9]B* + A [¢]B)?

SNR = 5 . (80)
A~ 9]
The average number of signal photons is
=|uB" —v* B +|v* = Ny 81

Suppose X; > 0. Letting Dy = (—o0,0) be the
decision region for |signal 0) and D; = [0,00) for
|signal 1). The conditional probability of detecting sig-
nal O (or 1) when signal 1 (or 0) was sent is

PO1) = /D p(a]B; s v)de
1 X,

= Eerfc[oﬂ/ﬁ]
A_[¢]B" + A [9]8

2[A-[¢]|"

= %erfc[ SNTR}

= P(1]0) =, (82)

erfc| ]

1
2



where erfc[-] is the complementary error function.

Since the complementary error function is a mono-
tonically decreasing function, the maximum SNR yields
the minimum average probability of error. Therefore, the
maximization problem of SNR with respect to (8, p, V)
is considered under the following constraints:

No=N; <N, (83)
ul? = v]* =1, (84)
pel® =cve ™, e>1, (85)

where the third constraint determines the homodyning
angle ¢.

Introducing i = pe’® and ¥ = wve 7%, the third
constraint becomes [/ = ¢ > 1. Hence || > |7| and
arg(f1) = arg(?). As a result, the problem is rewritten as
follows:

Maximize
(DB* + D*ﬁ)z

7

SNR = (86)

subject to
|as* —v*B? +[p* <N, (87)
al” = |71” =1, (88)
p=cv, c>1. (89)

Using the method of Lagrange multipliers, the optimum
values of (3, fi, and © are derived as follows:

B = NN +1), (90)

N+1
e o1
2N +1
N
7 92)
2N +1

The SNR of randomly generated parameters is numer-
ically examined for simple verification of the optimality
of the parameters above. In the numerical simulation,
parameters 3, fi,  are randomly generated in accordance
with the constraint of Eqgs. (87)-(89) for given N. The
result is shown in Fig. 7, which includes the cases of
N = 10, 5, and 1 (See also Appendix B). In each
case, the total number of trials is more than 5000. The
graphs indicate that any SNR of randomly generated
parameters (blue dot) does not exceed the SNR of the
optimal parameters (3°, ji°, U° (red line).

Therefore, the optimum parameters for the original
problem are

B° = NN +1), 93)
N+1

po= e ©4)
N

v’ = THGJ¢, (95)

and the maximum of the SNR is

SNR® = 4N(N +1). (96)
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Fig. 7. Optimality of Eqs. (90)-(92).

The means and variances of the PDFs p(x|signal 0)
and p(z|signal 0) are respectively

_ N(N +1) _
X ° = —_— = — X © 7
! 2N +1 0 D
and 1
02 02
% TieN+1) ©8)

Therefore, the average probability of error by the ¢-
rotated homodyne receiver based on the one-component
measurement is

Pe,hom,one = €
1
= ierfc[ 2N(N +1)]
1
~ ————————exp|—2N(N +1)],
N RS AR
99)

for N > 1.

Here let us consider the case of the two-component
measurement type homodyne receiver. For the BPSK
squeezed state signal of |signal 0) = |—(°;u°,v°)
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and |signal 1) = |B8°;u°,v°), the PDFs possess the
following parameters:

1
A[p] = ——., A [¢]=V2N+1, (100
(4] SN T 1 +[9] (100)
and

7 N(N +1) 7
Xi=y/————2=-X 101
1 2N+ 1 05 ( )

N+1
o%1= NI %05 (102)
Y =0=7Y, (103)
N+1
0V =5 = 0o (104)
(xv,1 = 0= C(xvpo. (105)
Hence,
p(z,y|signal b)
- 1
2TOX b0y b

X2 2

X exp[— (2 : o) Y1 (106
20X7b 2ay,b

for b = 0,1. Fig. 8 shows the graphical images in the
standard coordinate (X, X;) and in the rotated coordi-
nate (X,Y’) with angle ¢. In this figure, the red points
stand for the signal O and the blue points the signal 1.
(See also Appendix F).

Letting
Dy = {(z,y):—00o<x<0,-00<y< o0},
(107)
Dy = {(z,9):0< 2 <00,—00 <y < o00},(108)
the conditional probabilities of erroneous detection are
P[1) = / p(x,y|signal 1)dady
Do
1 Y
= erfcy/ 1] = P(1]0) (109)
2 2
where 22
y=-5+=2N. (110)
Ox 1
Hence
_ 1 1

Pe,hom,two = ierfc[\/ﬁ] ~ exp[—N] (111)

2V N

Finally, the minimum average probability of error
by the optimal quantum receiver, so-called the Hel-
strom bound, for the BPSK signal of |signal 0) =
|—B°; u°,v°) and |signal 1) = |5°; u°,v°) is given by

pe,oqr = %(1 — \/]. — eXp[f4N(N + 1)])
~ iexp[—élN(N +1)] (112)

for N > 1 (See also [3] and Appendix D).

(a) N=10, meas_angle=0

Fig. 8. BPSK signal image in the homodyne detection by two-
component measurement. (a) Measurement angle 0 — coordinate
(X¢, Xs). (b) Measurement angle ¢ = w/6 — coordinate (X,Y").

The average probability of error Pehomone is plotted
in Fig. 9, together with the cases of the optimal quantum
receiver, Pe,oqr, and the two-component measurement
homodyne receiver, pc,hom,two. In this figure, one can
observe that the one-component measurement homodyne
receiver follows the optimal quantum receiver keeping
almost 1.6 dB degradation in power. However, the two-
component measurement homodyne receiver does not
behave so.

V. CONCLUSION

Homodyne measurement with angle ¢ rotation was
discussed in the scenario of quantum communications.

First, the probability density functions of measurement
outcomes for squeezed states and homodyne measure-



10E-2

10E-3

10E-4

Pe

10E-5

10E-6

10E-7

10E-8

10E-9
0 0.5 1 1.5 2 25 3

Avg Num Photons, N

Fig. 9. P. vs. N for BPSK squeezed state signal. Pe,hompne: solid
red line, and its approximation: dotted red line. Pe,hcm’two: solid blue
line, and its approximation: dotted blue line. Pe,oqr: solid black line,
and its approximation: dotted black line.

ment with angle ¢ rotation were derived. The physical
implementation schemes corresponding to the rotated
homodyne measurements were investigated. Second, the
homodyne receiver with angle ¢ rotation was applied to
the signal detection problem of the BPSK squeezed state
signal. The homodyne receiver of the one-component
measurement follows the optimal quantum receiver keep-
ing almost 1.6 dB degradation in power. However, the
homodyne receiver of the two-component measurement
does not behave so; the required power to achieve the
given error probability relatively rises than that of the one-
component measurement homodyne in the case of two-
component measurement homodyne as the error probabil-
ity becomes small. This constant degradation property is
an advantage of the one-component measurement homo-
dyne receiver against the two-component measurement
homodyne. This performance difference may be helpful
in cryptographic systems like the quantum stream cipher
Y-00 [24], [25]. Detailed analysis and discussions on the
application to quantum cryptographic systems will be
given elsewhere.
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APPENDIX

A. Squeezed states

This appendix summarizes some basic properties of the
squeezed states of light that are used in this article, based
on Yuen’s formulation [11].

Consider a single mode of the field with photon
annihilation operator a and creation operator at, and
define b = pa + val, where the complex prameters j
and v satisfy |p|? — |v|> = 1 (Egs. (3.1) and (3.2) of
[11]). Then [b,b] = 1 (Eq. (3.3) of [11]). The squeezed
states |3; u,v) are defined to be engenstates of b, ie.,
Z;|ﬁ;u, v) = B|B;u,v), where 8 € C is the eigenvalue
of |8; u,v) and (B; i, v|B; 1, v) = 1 (Eq. (3.10) of [11]).
The squeezed states are mutually non-orthogonal,

1B 18P

(B m,v|B; pyv) = exp[B” B — 5 5

B
and satisfy the overcompleteness relation,

1 5 N

; |ﬁ;ILL,V><ﬁ,,U,,V‘dﬁ:1.

(Egs. (3.14) and (3.13) of [11]). From b= pa+val and
bt = pat + v*a, a—u*b—l/b and af —,ubT—z/b
(Eq. (3.27) of [11]). Therefore,

(@) = (Bsp,v|alf;p,v)=p*B—vp",
@h = up*—vs,
<d2> — (M*B_Vﬁ*)2_ﬂ*ya
@? = (u*—v'p)? —w
(@'a) = |u*B—vB >+ v
(Aa)%) = ((a—(a)®) =—p'v,
(Aa)?) = —uvr,
(Aa)'(Aa)) = v

(Egs. (3.28) and (3.29) of [11]).

Let o = X, +]XS,X = X! andX = X! (Eq. 2.5)
[11]). Hence X, (aT—f—a)/Z X, —j(aT—a)/Q and

of
[XC,XS] = /2 (Eq. (3.33) of [11]). For X, and X,

(X = (M—V)ﬁ*z(u*—V*)B
(X) = ](quV)B*;(u*JrV*)B
(AX)) = Ll wP
(M%) = lutof
(AXIAR)) = g3y~ +1)
(AX)AKD) = gyt = —1)

(Egs. (3.28) and (3.29) of [11]).

Define the eigenstates |z.) by Xc|z.) = zc|z.) and
(zc|x.) = 1. Then the collection {|z.){x.| : z. € R}
is a projection-valued measure. The x.-representation of

B 1, v) is

1/4 1/2
wlonn) = (2) (1)

2
X exp[—u i ng + B
p—v w—v
Lo 1 (p=—v)"
5181 =3 M_Vﬂ]

(Eq. (3.24) of [11]). Therefore, the probability density
function of measurement outcome x. by {|z.){z.|} is

p(el By 1, v)
= (2|8 )|
B 2 2
= el o
* * * 2
" (z (n—v)B z(u —v )B) ]

Recall that the coherent states |a)con form a positive
operator-valued measure, {|a)con{a|/m : a € C}. The
wave function by the coherent state |a)con 1S

coh<a|5;/1*71/>
1 2 2
= \/ﬁeXp —2|a| —2|6|
* 1
~la2y Lgry —argl (113)
2p 2p %

(Eq. (3.20) of [11]). Therefore, the probability density
function of measurement outcome o = x. + jrs by



{lo)con(a|/m} is

p(ze, 25| B p, 1)
1 2
- ;‘coh<a|5au7y>|

1 _
= ——exp|—(1—-2C)(zc — Xcps 2
’/T|,LL| ( 1)( i 01)
—(1+2C)) (w5 — Xssq)?
+402(xc - Xc,sq)(xs - Xs,sq):|

where z. = (a* + a)/2, xs = j(a™ — a)/2,

Koy = (M—V)ﬁ*z(u*—V*)ﬁ7
_ +V * *+V*
Kowy = J(u )B 2(u )6’
¢ = _7_01—’—]027
2p
1 * *
G = —m(u v+ ),

1

Cy = j——=u'v—pmr).
Apl?

(Eq. (3.38) of [11]). This can be written in the standard
Gaussian form,

(2, 5] B p, v)

1
27"'0'0,two,sqa's,two,sq 1- Cczb
[ 1
X exp|————5—~
_ 2
2(1 - ¢%)
Y 2 Y 2
X{ (xc - Xc,sq) + (ZL‘S B XS’SQ)
2 2
Uc,two,sq Us,two,sq

—2Ces (T — XVc,sq>($s - Xs,sq) H C(114)

Oc,two,5q0s,two,sq

where
1420, 1
2 2
Gc,two,sq 2(1 o 4|C|2) 4 (|:u V| + )
1-2C 1
2 1 2
= —_— 1),
o—s,two,sq 2(1 _ 4|C|2) 4 (|:u + V| +
o - 2
“ V1—4C2
Wy — uv*

=P+ D(ut P+ 1)

and in the following form by the covariant matrix K,

p(xe, 25|85 1, v)
1

2m/det(Kes)

1
x expl— (s

- mcs)tK;sl (Xcs - mcs)]v

25

where Xcs = [z, 75)t, mes = [Xe, X

[ e [ Xe

w[2] mee[E]
K- L[ ln=vP+1 s —p)
I (i 2 20 B VS S L S O I

1
det(Kes) = 1‘/”27
o

)2 | =y — p”)
(Eq. (3.43) of [11]).

In terms of the complex measurement outcomes
(a*, «v), the probability density function p(z., xs|5, 1, V)
can be rewritten as

p(a®, B, v)
1

" 27/det(Komp)

1 _
X eXp[_i(Xamp - mamp)TKanllp (Xamp — Mamp)];

K- — (v — ) }

lw—v>+1

where
x _ Qampx _ i @
amp cs cs \/§ Oé* )
. 1 X +jX
_ (amp _ -
My, = 20 mcs—f|: X. - X, }
1 { B+ }
\/§ Mﬁ* _ * b
Komp = Q00 PKe (Q4) 7
I[P+l —2u*v
4 —2,u1/* >+ v +1
det(Kamp) = |/~L|2
K;mp
L[ PP 2u*v
|ul? 2 |l + [v]? + 1
and
1 I ]
Q¥r = ,
cs \@ |: 1 -7
ampy—1 1 11 am
(ch p) = ﬁ |: - :| = (ch p)T

(Eq. (3.49) of [11]).
The Weyl characteristic function is

Xw(&1,62)
= (B v]es B 1 w)
= oxp|glu+ P lu— P8
+i(p'v — pr*)éiée
H(p+v)B" — (1" +v)B}a
+{(p—v)B* + (" —v* 5}62}

= eXp[]ﬁiSmcs - igzsf{csécs]?
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Y
Kszf * *
: 4[J(NV—N*V)

In terms of the complex parameters (£*, &), it becomes

Iy — pxvr)
I+ v]?

* 1 %
Xw(f ag) - exp[]sszmcpx - §£Iprcpx€cpx]v

where

coore.alt |

opx X + X,
Mepx = QCE Mes = J—F—= |: X jX :|
WEY e /3}
V2 | —nBT B

chx = QEEXKCS (QESX)

I[P P 2
41 2w uP P

and

1 7 —1
QP = — .
c V2 { - -1 }
The Wigner function is given by
W (e, xs)
1 * *a—Ea™
= 5 | Xwl(€",€)et 7T d%

v[*a;

2 exp [_2|M +v?2? —2lp —
™
(WY — pv)zews
+2{(u+v)B" + (1" +v")B}ze
+29{( = v)B" — (" —v")B}as

~2/82),
which satisfies
p(IC|57NJa V) / W(ZEC,SCS)deS
p(as|B, p,v) / W (e, xg)d.
— 00

B. Some example data in Fig. 7
(Small SNR case) For N = 10,

B = —0.036791 + 0.53594,
= 1.96644 + 1.60260;,
= 1.80720 + 1.47283y

=

A

were generated in a trial. These parameters numeri-
cally satisfy the conditions |z3* + 78| + |P|> = N,
|@|> — |7|> = 1, and /0 = 1.08811 > 1. Then
SNR = 0.384549 < SNR® = 440.

(Moderate SNR case) For N = 5,

B = 3.84034 + 0.029892),
fi = 2.14668 + 0.112682,
7 = 1.90025 + 0.0997477,
i/ = 1.12968 > 1,

and SNR = 58.8787 < SNR° = 120.
(Large SNR case) For N =1,

B = —1.07011 — 0.889929;,

i = —0.867301 — 0.6903197,

7 = —0.374213 — 0.297851},
fi/i = 231767 > 1,

and SNR = 7.74489 < SNR° = 8.

C. Wingner function in (X,Y)

In the coordinate X, Y, the Wigner function of |3; u, v/)
is calculated as

W(z,y)

= %[ (@ +a'|B; p, v)(Bs 1, v|w — 2l )V da!

= Zexpl-2 4[]’ _zyA,[¢ 22
+2(A% [ A+ [¢] — A-[¢] A% [¢])zy
+2(A+[¢]5*+A* 18)a
+2)(A-[¢]B" — A [g]B)y — 28] (115)

This provides
p(@|B;pv) = / W(z,y)dy,  (116)

p(ylBsp,v) = / W(z,y)dz.  (117)
Further, the matrix representation of |3; p, V) is

(z +2'|B; p, v) (B p, vz — 2")

/ W (2, y)ev™ dy, (118)
— 00
(y+9'18; ) (B, vy — o)

/ W (z,y)e 2 *dx. (119)

D. Helstrom bound
For binary phase-shift keying (BPSK) squeezed state
signal,
|signal 0) = |—0B;pu,v), (120)
|signal 1) = |B;pu,v), (121)
the minimum of the average probability of error by the

optimal quantum receiver, so-called the Helstrom bound,
is given by

Pguam(ﬂ;ﬂﬂ/) _ (1 — /1= exp[—4\5|2]> . (122)

N |



Then the minimization of P34t (3; 11, v/) with constraint
uB* = v B+ > <N (123)

for given N determines the optimal values of the param-
eters [3] (See also [23]):

B° = N(N+1), (124)

N+1

S e 125

K VN 11 (12>

e o= N (126)
N + 1

Hence

pé1uant (BO; 'uo’ l/o>
1

_ 5(1_\/1_exp[—41\r(1\r—1)]). (127)

E. Some properties of A_ and A

A7 (94 [9] + A- (6145 (9] = 2
A (9144 [9] - A-[¢147 (9]
— 2<M*V€_2J¢ ;W*eQW)
A-[p+ 5] =94416),
Aslp+ 3] =A-[6]

F. Numerical simulation method for PDF

Suppose U; and U, are independent random variables
uniformly distributed on the interval (0, 1). If

Vi = +/—2lnU cos(2nU>), (128)
Vo = +/—2InU;sin(27Us), (129)

then V; and V4 obeys the normal distribution A/(0,1).
This generation method is called Box-Muller method
[26].

Suppose V7 and V5 are independent normal random
variables with mean 0 and variance 1. If

Wy = Wi+oiW, (130)
Wo = Wa+oa((Vi+V1-¢(%Va), (131)

then W3 and Wy are dependent random variables, dis-
tributed as two-dimensional normal distribution with
means W7, Ws, variances 0%, O’%, and correlation coeffi-
cient ¢ [27].

27



