ISSN 2186-6570

A Note on the Error Probability by Homodyne
Receiver for M-ary PSK Coherent State Signal

via Optical Transmission Lines with Amplifiers

Kentaro Kato

Quantum Communication Research Center,
Quantum ICT Research Institute, Tamagawa University
6-1-1 Tamagawa-gakuen, Machida, Tokyo 194-8610, Japan

Tamagawa University Quantum ICT Research Institute Bulletin, Vol.9, No.1, 33-39, 2019

©Tamagawa University Quantum ICT Research Institute 2019

All rights reserved. No part of this publication may be reproduced in any form or by any means
electrically, mechanically, by photocopying or otherwise, without prior permission of the copy right
owner.



Tamagawa University Quantum ICT Research Institute Bulletin
Vol.9 No.l : 33-39 (2019)

33

A Note on the Error Probability by Homodyne
Receiver for M-ary PSK Coherent State Signal
via Optical Transmission Lines with Amplifiers

Kentaro Kato
Quantum Communication Research Center,
Quantum ICT Research Institute, Tamagawa University

6-1-1 Tamagawa-gakuen, Machida, Tokyo 194-8610, Japan
E-mail: kkatop@lab.tamagawa.ac.Jjp

Abstract—An approximation formula of the error prob-
ability of M-ary PSK coherent state signal by a homodyne
receiver is considered in the case that the communication
channel contains in-line erbium amplifiers. Applying Cahn’s
calculation method [1] to our problem, an approximation
formula for M-ary PSK coherent state signal in that case
is obtained.

I. INTRODUCTION

In the literature [2], phase shift keying (PSK) and
quadrature amplitude modulation (QAM) coherent state
signals were investigated in terms of quantum signal
detection theory, and the error probability and the mu-
tual information that are achieved by optimal quantum
receivers and ideal homodyne receivers were computed
for each coherent state signal. As for the case of the
homodyne receiver for PSK coherent state signals, all the
calculation was executed by numerical integral, because
it is difficult to find the closed-form expression of the
error probability by the homodyne receiver except for the
cases of binary PSK (BPSK) and quaternary PSK (QPSK)
coherent state signals. However, a useful approximation
formula of the error probability of M-ary PSK signal has
been already obtained by Cahn in the context of radio
wave communications [1].

In this article, an approximation formula of the error
probability of M-ary PSK coherent state signal by a two-
quadrature field measurement type homodyne receiver is
considered in the case that the communication channel
contains in-line erbium amplifiers. First, we summarize
quantum mechanical treatment of optical transmission
lines with in-line erbium amplifiers according to the
literature [3]. It is well known that a two-quadrature
field measurement type homodyne receiver is realized
by an eight-port homodyne detector (e.g., [4]). To apply
this result to our case, we give a simple analysis of the
eight-port homodyne detector by means of the Skellam
distribution [5]. Finally, we combine these two quantum
mechanical treatments of the channel and detector. Based
on this, an approximation formula of the error probability
of M-ary coherent state signal by the homodyne receiver
is derived by means of Cahn’s calculation method.

II. CHANNEL MODEL

In this article, we employ Mecozzi’s model of N
loss-gain optical transmission lines with in-line erbium
amplifiers [3]. Let Iy, denote the loss of the kth segment
and G, the gain of the kth segment, where 1 > I, > 0
and G, > 1. The spontaneous emission factor of the
kth in-line erbium amplifier is denoted by ny o, > 1. A
schematic of this channel is shown in Fig. 1.
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Fig. 1. Channel model of N loss-gain optical transmission lines [3]

The mode of the input to this channel is expressed by
the photon annihilation operator ag, i.e., [do,&g] = 1.
According to the literature [3], the output mode ay is
given by

dN = V Gnet a/O
+v/nase — (Gnet — 1) §1 + v/7iase 94

Here the net gain is defined by Ghet = H;V:1 I';Gy
and the total number of amplified spontaneous emis-
sion (ASE) noise photons is nasg = Zgzl f(N,k +
)ngsp(Gr — 1), in which the function f is defined by
f(k,h) = H?:h I';G; with convention f(N,N+1) = 1.

Suppose the mode G is in a coherent state |«) having
complex amplitude o = A7 +14g € C (A; = Rela],
Ag = Im[a], and i = /—1) and the other two modes
g1 and g;, which respectively correspond to the total
absorption and spontaneous emission processes, are in
the vacuum states. So, we let |T) = |a)p ® |0); ® |0)s.
Straightforward calculations yield the following results:

<&N> = <\P|dN|\I/> =V Gnet «, (1)
(@) = (Tlal|v) = V/Guer o, )
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where * stands for the complex conjugate,

(an) = (¥|a%|V) = Grero?, ?3)
<€LJIr\?> = <\IJ|[],;[\?‘\II> = Gneta*27 (4)
and
(@lan) = (Ujalan|®) = Guetla)? + nase, (5
(analy)) = (Ulayal|¥) = Guerlal? + nase + 1.

(6)

Further, the quantum state at the output mode ay for
coherent state input |«) at the input mode ag is given by

. 1 — VGhet al?
o) = i [0 ol
TNASE NASE

)

where d?n = d(Re[n])d(Im[n]) and |n) is a coherent
state having complex amplitude 7.

Let |¢) be a coherent state having complex amplitude
¢ = (r+1iCp (& = Rel(] and (g = ImC]). Because
of the overcompleteness property of the coherent states,
the collection {(1/7)|¢)((| : ¢ € C} becomes a positive
operator-valued measure (POVM). This corresponds to
two-quadrature field measurement. The probability den-
sity function of the outcome ¢ by this POVM is

pcla) = (Il
_ 1 ox [ |< vV Ghet 04| ]
Tase+1) P asm + 1

®)

Substituting ( = (; + i{gp and a = A; + iAg, this
probability density function can be rewritten as

p(CIa §Q|A1a AQ)

_ 1 (CI Y Gnet AI)2
= exp[— ]
m(nase + 1) nasg + 1
1 _ ./ 2
X exp[— (¢ Gnet 49) ].
m(nase + 1) nase + 1

©))

Hence the expected values of the outcome by this two-
quadrature measurement are

POVM / POVM __
net AI7 NQ

and the variances are

=V Gnet AQ7 (10)

1
(02)POVM — (Jé)POVM _ Nase + . (11

2
III. EIGHT-PORT HOMODYNE DETECTOR

Before calculating the error probability of M-ary PSK
coherent sate signal, we revisit a quantum theory of an
eight-port homodyne detector (e.g., [4], [8], [9], [10],
[11], [12], [13], [14], [15]). From the preceding studies on
the eight-port homodyne detector, the probability density
function (8), or (9), has been justified in various ways.

signal |a)
where a = A; +1i4g |0)

iq = i3 — iy ir =1i4— 1
is o (&)

in o (5””‘3’”)
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|0) local |8)
where arg(8) =0

Fig. 2. Eight-port homodyne detector

In this section, this statistical property of the eight-port
homodyne detector is restated by means of the Skellam
distribution (See Appendix A).

A schematic of the detector is shown in Fig. 2. This
consists of four half beam splitters (HBSs), one m/2-
phase shifter, and four photodetectors. The input mode
a is used for receiving signals and the input mode b is
for the local oscillator. The remaining two input modes
¢ and d are in the vacuum.

In each HBS, the corresponding mode operators satisfy
the following relations [6]:

T L U
—ﬂ(a ¢) and ¢ ﬁ(a—i—c), (12)
v e L od) ama de Lt

b_ﬂ(b d) and d = f(b—i-d) (13)

Q" = 1(’—d’) and &”:%( +d'); (14)

7

~ 1

b/l/ — (b// A/) and é” (b// ) (15)
V2 V2

where b = ¢'™/2)/ = i/. With a small algebra, we obtain

the following expressions of the output modes from the
HBS:s.

0 = %(&fbféfd); (16)
L %(—&—i—i?)—é—id); 17)
&= %(d—s—if)—&—é—id); (18)
d" = %(&+8—é+d). (19)

Here we define i) = a’ta” iy = b’”Tb”’ i3 = A”Té”

and i, = d"td". The final output modes ip = 24 — 1, and



%Q = i3 — 1y are respectively expressed as

ir = %(a*é +bota+afd+dta
ble—édb-dld—d'e) o)

and

i i

- (aTE —da—atd+dta

N
Q

|
DO |

—bfe+eth—etd + dfe). 1)
Further we obtain
2 = %(a*%z + a?bt?
+2afa+2atablh + 2515+ By) - (22)
and
o= (aPR e
—24ta — 2atabth — 26Th + RQ), (23)

where Rl and Rg are the remaining terms that vanish
when modes ¢ and d are in the vacuum.

A. Case of Coherent State
Suppose the input signal is a coherent state
oo = Ar +1iAg) and the local oscillator light is a co-
herent state |3) of 3 > 0. That is, the whole input state
of the detector is [®) = |a), ® |B)s @ |0)c @ |0)q.
From Egs. (20) and (21), the expected values of the
outcome by this detector are

(i7) = (ia—11) = AsB, (24)
(ig) = (i3 —i2) = AgB. (25)

By using Eqgs. (22) and (23) together with the results
above, the corresponding variances are calculated as

(A0 = (D) - (0 = (laP + 57, @0
(4ig)) = (B)~fie)? = (o + 7). @)

Since the input state |®)% . contains only coherent
states and the vacuum, the output state is obtained as
out 1 1 :
B = I3l M) 3 (a+iB)
1 . 1
®|§(a +1iB))e @ |§(Of +5))a-(28)

From this, the corresponding photon statistics are sum-
marized as follows.

o mode @”: Poisson with parameter |a — 3|2 /4.

« mode b": Poisson with parameter |o — i3|2/4.

« mode ¢&": Poisson with parameter |« + i3/|%/4.

« mode d”: Poisson with parameter | + 3|2 /4.
A distribution of the difference of two Poisson random
valuables is known as the Skellam distribution. From Egs.
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(71) and (72) of Appendix A, the expected value 117 and
the variance 0% of the mode i are respectively given as

1 1
pr = gla+ B = Jla— B = AiB (29)
and
9 1 9 1 o 1.0 2
01:1\04+5| +Z|a*ﬂ| :§(|0<| +6%), (30)

which are identical to Eqgs. (24) and (26). Substituting
these parameters into Eq. (70) of Appendix A, the prob-
ability mass function of the number n; of output photon
is

Pi(nr) = exply(laf + %)
«|atp Im[%|a2—52|]. 31)

a—p

Similarly, the mode %Q has the probability mass function
of the number n¢ of output photon,

(Jaf* +52)]

nQ

1
Polng) = expl—3
.| —+ ¥5
a—if
and its expected value p¢g and variance aé are respec-
tively given by

1
lng, [§|a2 + 821, (32)

1 . 1 .
po = Z|a+1ﬁ|2—i\—a+1ﬁ\2:AQ6, (33)
1 . 1 . 1
oh = Zla+iB+ 2l —a+iff = Z(lo]* + 7).
4 4 2
(34)

Here we assume 5 > |a| > 1, which means the use
of strong local oscillator. From Eq. (76) of Appendix A.
we have

1 Iny — Arp)?
Pr(nr) ~ N eXP[—T] (35)
with expected value A;( and variance ﬁ2/ 2, and
1 no — Ap B2

PQ (TLQ) ~ \/W exp[f 62

with expected value Ag3 and variance 32/2.

For rescaling measurement outcomes by /3, we define
zr =ny/B and zg = ng/B. Since [ is large enough, z;
and zg can be regarded as real numbers within a finite
precision. So, we now reached to the probability density
functions

pr(zr)dzr ~ %exp[—\z; — A1|2]d21 (37)

with expected value Ay and variance 1/2, and

1
pQ(2q)dzq ~ 7= exp[—|zq — Ag[*ldzq (38)
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with expected value A and variance 1/2. Defining z =
zr +izg, the joint distribution of (27, zg) is given by

p1q(zr1, zqla) pr(z1)pq(2q)

Q

1 2
corll el

_ = 2

= i) (39)

This corresponds to a special case of Eq. (8) when G,ey =
1 and MASE — 0.

B. Case of the state of Eq. (7)

Suppose the communication channel of N loss-gain
optical transmission lines is connected to the detector.
That is, we assume a = apn. When the transmission
input mode @ is in a coherent state |o = A +1iAg),
the expected values and variances of the final outputs are
given as follows: the expected values of 7; and 7y are

(i1) = /GuetA1B, (40)
(iq) = VGueAgB (41)

and the variances of i; and i are

((Aip)?) = % {Gretla|® + nase + (nase + 1)5%}
~ %(nASE L 1), 42)
(Lig)?) = % {Gneilal? + nase + (nase +1)5}
~ %mASE +1)82, (43)

where we have assumed S > /Ghet|c| to obtain the
approximations above.
To see the distribution of the final output, we let
_|n—VGal?

1
P(n) = exp| I (44)
TNASE NASE

With the same manner as in the literature [15], the joint
distribution of (nr,ng) is given by

PIQ(”D”Q) :/dQWP(W)KI(nbU)KQ(nQﬂ?)v (45)

where

1
Ki(nr,n) = eXp[—§(|Tl\2+52)]
n+ 8" L 5 2
DN R - 32 @6
ol P [5In" =571 46
and
1
Kq(ng,n) = eXp[—§(\77|2+52)}
n+ig|"? L, 2
X’niﬂ |nQ[§|77 + 6.

(47)

Here the kernels (46) and (47) can be obtained from Eqgs.
(31) and (32). Therefore, we see that the kernels behave

according to the Skellam distribution. When (> |n| >
1, the kernels are approximated to as follows:

_ 2
Ki(ng,m) ~ \/%exp[_mfgﬂw] s
and
1 -1 2
Kq(ng,n) = 7r/82exp[—|nQ Bff[n]ﬂl !
(49)

where we have used Eqgs. (35) and (36). Substituting Eqgs.
(48) and (49) into Eq. (45), we obtain

Prg(nr,ng)
1
7T(TLASE + l)ﬁQ
[(nr + inQ) -V Gneto‘m2
(nase + 1)82

~
~

X exp[— ], (50)
when 8 > /Ghet|a] > 1.

Like in the previous section, we introduce z; = ny/f8
and zg = ng/S to rescale the outcomes by 3. This leads
us to the following result:

1
m(nase + 1)

|z — VGrerar|?
X exp[— —————
nasg + 1
1

= —{zlp(@)]2). (51)

s
This is identical to Eq. (8).

rro(zr, 2q)

IV. SyMBOL ERROR RATE FOR M-ARY PSK
M-ary PSK coherent state signal is defined by

2mim
A
|Aexp| i

), m=0,1,---,M—1, (52)

where A > 0. From Eq.(8), the conditional probability
density function of measurement outcome ¢ = (7 +iCg
for the mth PSK coherent state signal after passing
through the channel of IV loss-gain optical transmission
lines with in-line erbium amplifiers is

p(<I7CQ|m)
1 — /GretA 10,,]]?
_ mexp[_|< 2ta2exp[l ]| ], (53)

where 0,, = 2rim/M and 0% = (nasg + 1)/2.

From this point, we employ Cahn’s method [1] to
derive the error probability of the homodyne receiver for
M-ary PSK coherent state signal.

Letting ¢(; = rcosf and (g = rsinf, Eq. (53) is
transformed into

1
p(r,0lm) = " e p[——(rQ—l—GnetA2

——ex
2702 202

—2r/Gret A cos[f — Gm])} . (54)



Integrating with respect to r, we have

p(0|m)
= [ arep(rblm)
0

;rexp[—]{lﬁ—r fcos[H O]

x eXp[% cos?[0 — 0,,]]

(b b))

(55)

where the signal-to-noise ratio (SNR) v = Gt A2 /02
and the error function erf[z] = (2/y/7) [, dt - exp[—t?].
Here we let m = 0. If « is sufficiently large, it can be
approximated as

cosf ox [_Sin29
2 L @A)

for |0] < m/2 (or cos® > 0), where the approximation
erf[z] = 1 —erfc[z] ~ 1 —exp[—2?]/2\/7 for x > 1 has
been used. Therefore, the correct detection probability of
the Oth signal is

p(0lm = 0) ] (56)

w /M
POJ0) = / 4020000

~ erf[\/z sin[%}], (57)

where [ dz - exp[— (\/7/a/2)erf[\/az] + const

has been used. Because of the symmetry of the signal
constellations, we have P(m|m) = P(0]0) for every m.
Therefore, the average probability of correct detection is

M-1
P.(M-ary PSK) = i Z (m|m) = P(0]0)

~ erf[\fg sin[%]L (58)

and hence the average probability of error is

P.(M-ary PSK) — P.(M-ary PSK)

1
T T
erfc[\/gsm[M]]. (59)

V. CONCLUSION

Q

We gave an approximation formula of the error proba-
bility of M-ary PSK coherent state signal by a homodyne
receiver in the case that the communication channel
contains in-line erbium amplifiers, by means of the cal-
culation method in the literature by Cahn [1]. Further,
we simply verified the relationship between the POVM
{(1/m)|¢){¢|} and eight-port homodyne detector in terms
of the Skellam distribution.
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APPENDIX
A. Skellam distribution

In 1937, Irwin considered the distribution of the differ-
ence between two independent Poisson random variables
with the same parameter [16]. Skellam successfully re-
moved the condition that two Poisson random variables
have the same parameter [S]. Now such a distribution
is called the Skellam distribution. Further, Fisz showed
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that the Skellam distribution converges to the Gaussian
distribution when the parameters are large enough [17].
Here we summarize their results according to the litera-
ture [17].

Let X and Y be independent Poisson variables with
respective parameters Ax > 0 and Ay > 0O:

¢
Px () = exp|—Ax] Ax

R (=0,1,2,... (60)
and
AV
Py(m):exp[f)\y}ﬁ, m=20,1,2,.... (61)

The characteristic function Cx (&) of the distribution Px
is calculated as

Cx(&) = / h <iPX(6)5(:c£)> erdx
—° \r=0

= i Px (0)e'*

£=0

e A ei§ ¢
= exp[_)\X] Z %
=0 ’

= exp[Ax (e —1)]. (62)

Similarly, the characteristic function Cy (§) of the distri-
bution Py is given as

Cy (&) = exp[Ay (e — 1)]. (63)

Letting Y’ = —Y, the characteristic function Cy(§)
of the distribution Py~ is immediately obtained as

Cy(§) = exp[Ay (e —1)]. (64)

Therefore the characteristic function C for the difference
of two Poisson variables, Z = X — Y, is given as

Cz(&) = exp[Ax(e® — 1)]exp[Ay (e - 1)]
= exp[—(Ax + Ay) + Axe's + Ay e ¢].(65)

From this, the first and second moments of the distribu-
tion of Z are given as follows:

dCz(¢)

M, = —i ’ =Ax — Ay, (66)
dé €0
and
o d2Cz ()
— (2 Y
M2 - ( 1) d£2 L_O

= (Ax +Av)+(Ax —\v)2 (67)

Here we let A = 2¢/Ax Ay > 0and B = \/Ax /Ay >
0, or Ax = AB/2 and Ay = A/(2B). Then the
expression (65) can be arranged to

Cr6) = O xexpl D {Be 4 (B )]

e XA N preing, (4), (68)

n—=—oo

where 1,[2] = Y0 (D[ + v+ 1)1 (z/2)*"
is the modified Bessel function (of the first kind)
[7], and where the formula exp[(z/2)(t + t=1)] =
> t"1,,(2) has been used. Therefore the probability

n=—oo

density function of Z = X — Y is calculated as
() = o [ e Csea
bz\z) = om 7006 z
(o)
_ B",(A) [ _._
(Ax+Ay) 2 n\ i(z—n)¢Q
e 3 5 J ¢

= o MTWINT B (A)d(z —n). (69)

n=-—oo

Hence the probability mass function of 7 is

A n/2
Py(n) = e~ Ax+av) (X> L2V AxAy]  (70)
Ay
forn=---,-2,—1,0,1,2,--- [5]. This distribution has
the expected value
pz = E[Z]
= Ml
= Ax — Ay (71)
and the variance
0% = VarlZ]
= My —(My)?
= Ax +A\y. (72)

Here we let W = (Z — uz)/oz for normalization.
Namely,

W = I€1Z “+ Ko (73)

with constants k1 = 1/oz and ke = pyz/oz. Then the
characteristic function of W is given by

Cw (€) = Cr, 24wy (§) = Cz(m1€)e™E. (74)

When \; and A\, are large enough,

2 :\3
i) = el 220
1 (9"  pz (i€)°
Jrg. m +£. = +]
52
~ exp[—]. (75)

Therefore, the random variable W obeys the standard
normal distribution N(0,1) when Ax and )y are large
enough. From this, the distribution of the random variable
Z is approximated [17] to

N S (I Ve )%
PZ(n) - 27T()\X =+ )\y) p[ 2()\X + )\Y)

].
(76)



Further, the cumulative distribution function is also ap-
proximated [17] to

nt1/2 {2/ —pz}?
F < = dz’ LS P
Z(Z = n) \/ﬁ/ z GXp 20_% }
1 Uz —mn— %
= —erf(———=
2 [ Uz\/i
1
fz —n—35
= Q——, (77)

0z

where the complementary error function

erfclx / -7 dr,
\/>

and the Q-function (e.g., [18])

1 x
Q[z] \/ﬂ/ exp[— dT = §erfc[ﬁ].

In the literature by Fisz [17], he showed numerical ta-
bles of some concrete cases to justify his approximations
(which correspond to Egs. (76) and (77) in this article).
For more intuitive understanding, an example of graph
of the approximation (76) is shown in Fig. 3, where
Ax = 10 and Ay = 30. In this example, the expected
value is gz = 10 — 30 = —20 and the variance is
cr% = 10 + 30 = 40 (i.e., 30z ~ 19). From Fig. 3,
we observe the approximation works well.
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Fig. 3. (color online) Skellam distribution for Ax = 10 and Ay = 30.
The horizontal axis stands for n. (a) Skellam distribution (blue) and
its Gaussian approximation (red). (b) Difference between the true and
approximated values (green).
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